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ABSTRACT

Pseudospectral Collocation Methods for the Direct
Transcription of Optimal Control Problems

by

Jesse A. Pietz

This thesis is concerned with the study of pseudospectral discretizations of optimal
control problems governed by ordinary differential equations and with their applica-
tion to the solution of the International Space Station (ISS) momentum dumping
problem.

Pseudospectral methods are used to transcribe a given optimal control problem
into a nonlinear programming problem. Adjoint estimates are presented and analyzed
that provide approximations of the original adjoint variables using Lagrange multi-
pliers corresponding to the discretized optimal control problem. These adjoint esti-
mations are derived for a broad class of pseudospectral discretizations and generalize
the previously known adjoint estimation procedure for the Legendre pseudospectral
discretization. The error between the desired solution to the infinite dimensional opti-
mal control problem and the solution computed using pseudospectral collocation and
nonlinear programming is estimated for linear-quadratic optimal control problems.
Numerical results are given for both linear-quadratic and nonlinear optimal control
problems.

The Legendre pseudospectral method is applied to formulations of the ISS momen-
tum dumping problem. Computed solutions are verified through simulations using

adaptive higher order integration of the system dynamics.
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Chapter 1

Introduction

Optimal control problems (OCPs) governed by ordinary differential equations arise in
a wide range of applications. One particular field where these optimal control prob-
lems are abundant is the aerospace industry. Aerospace engineers have been solving
optimal control problems for trajectory optimization, spacecraft attitude control, jet
thruster control, missile guidance and many other applications for decades. Methods
for obtaining these solutions are almost as copious as the applications themselves.

A traditional approach to solving OCPs entails forming the optimality conditions
directly, using the calculus of variations and Pontryagin’s maximum principle [42],
and then solving the resulting equations to obtain the solution to the optimal control
problem. This is known as the indirect approach for solving OCPs. The references
9, 23, 41, 42, 45, 46] present just a small sample of the work that discusses or applies
indirect methods for the solution of optimal control problems. In rare cases the
solution can be obtained analytically from these optimality conditions, but in general,
approximation methods are used to solve the problem numerically. The optimality
conditions of these problems generally take the form of differential algebraic equations
(DAEs) or boundary value problems (BVPs). The approximate solution to the OCP
can be obtained by using a BVP solver. Many such methods exist. Perhaps the most
popular methods are multiple shooting and collocation. The reader is encouraged to
consult [3] for more information on these and other numerical methods for solvings
BVPs.

Alternatively, one can discretize the governing ODEs and the integral terms in the

objective functional or constraint functions and thereby replace the infinite dimen-



sional optimal control problem by a large nonlinear programming problem (NLP).
This is known as the direct or direct transcription approach for solving OCPs. This
approach is typically easier to use, especially for OCPs with state equality or inequal-
ity constraints. Direct methods have been used, e.g., in [6, 7, 16, 44].

This thesis focuses on a class of direct transcription methods in which the govern-
ing ODEs are discretized using pseudospectral collocation methods. Such methods
have attracted attention [15, 14, 17, 18, 20, 43] because of their alleged superior
approximation properties and, in the case of Legendre pseudospectral method, the
availability of a so-called adjoint map or estimate. However, most of the existing
work in this area is numerical with incomplete, informal discussions of mathematical
properties of pseudospectral discretizations for optimal control problems.

The goals of this thesis are to improve the mathematical understanding of pseu-
dospectral discretizations for optimal control problems and to apply these methods
to the solution of optimal control problems with significance to the aerospace com-
munity. In particular, we provide a systematic derivation of adjoint estimates for all
pseudospectral discretizations that use Gauss-Lobatto points and we present rigorous
results on the error between the solution computed using pseudospectral discretiza-
tions and the exact solution of the underlying infinite dimensional OCP.

Adjoint estimates provide approximations to the adjoint variables (also known
as costate variables) corresponding to the optimal solution of the OCP in terms of
the Lagrange multipliers corresponding to the NLP derived using the direct tran-
scription method. Such approximations are important for error analysis, mesh refine-
ment strategies, and real-time optimization using the method of neighboring extrema.
Among the few results on adjoint estimates are [17, 26, 27]. In the context of pseu-
dospectral discretizations, only [17] have provided an adjoint estimation procedure for
the particular case of Legendre pseudospectral discretizations. This thesis provides
a systematic derivation of adjoint estimates for all Gauss-Lobatto pseudospectral

discretizations, which as a special case includes the result of [17]. The work on ad-



joint estimation provides the foundation towards a rigorous convergence analysis that
provides estimates for the error between the solution of the infinite dimensional opti-
mal control problem and associated adjoint as well as the solution of the discretized
optimal control problem and associated Lagrange multipliers. Such error estimates
are not available in the existing literature. This thesis derives error estimates for
linear-quadratic optimal control problems, and presents numerical results for both
linear-quadratic and nonlinear optimal control example problems.

In the second part of this thesis, a class of pseudospectral direct transcription
methods are applied to a series of optimal control problems derived from the International
Space Station (ISS) momentum dumping problem. This is an attitude control prob-
lem where the attitude of the station is manipulated by a controller which uses control
moment gyroscopes (CMGs). The issue here is that the CMGs have a maximum mo-
mentum threshold which cannot be exceeded. Doing so will result in loss of control of
the vehicle. The goal is to find a control trajectory that will maneuver the attitude of
the ISS from some initial state to some final state with minimal total momentum on
the CMGs, obeying the system dynamics and never exceeding the momentum thresh-
old along the way. What makes this problem difficult is the severe nonlinearity of the
problem and the possible discrete nature of the controls. Related spacecraft control
problems are discussed in [1, 5, 8, 13, 36, 38, 43, 45]. This thesis includes a study of
the numerical solution to the ISS momentum dumping problem which demonstrates
the utility of pseudospectral methods for the direct transcription of optimal control
problems.

This thesis is organized as follows. Chapter 2 states the general form of the
optimal control problems that will be considered, their corresponding optimality con-
ditions and provides some examples problems that will be used throughout this the-
sis. Chapter 3 states the optimality conditions of the discretized OCP, describes
how adjoint estimates are obtained and explores some of the consequences of using

pseudospectral methods in the direct transcription of optimal control problems. The



application of the Legendre pseudospectral method to the space station momentum
dumping problem is addressed in Chapter 4. Finally, Chapter 5 contains remarks,

conclusions and suggestions for future work.



Chapter 2

Optimal Control Problems Governed by Ordinary
Differential Equations

This chapter provides a description of the optimal control problems that are consid-
ered in this thesis. In addition, first order necessary optimality conditions are stated
for the infinite dimensional problem and reformulations of optimal control problems
are presented. This material is well known and will be used in subsequent chapters.
Much of the material developed in Chapter 3 can be applied to OCPs that are of a
more general form than (2.1). However (2.1) covers the applications considered in this
thesis and is sufficient to describe the theoretical aspects of pseudospectral methods

as used to transcribe optimal control problems.

2.1 Problem Statement and Necessary Optimality Conditions

In this thesis we consider optimal control problems of the following class

min  my(t;) + /t " 0y (1), u(t))dt, (2.1a)
s.t.
d
ay(t) = f(y(t),u(t)), (2.1b)
y(to) = %o, (2.1c)
byts)) = 0. (2.14)

Here y : [to,ts] — R™ are the state variables and u : [to,ts] — R™ are the control
variables to be determined. The functions m : R™ — R, £ : R™ x R™ +— R,

f:R™ xR"™ — R™ and b : R™ +— R™ as well as gy € R" are given. The conditions



(2.1b) and (2.1c) are called the state equations. The problem (2.1) is said to be in
Bolza form.

We seek solutions u € L[to,ts] and y € Wy'L[to,ts]. The space Luo[to,ts] is
the space of all Lebesgue-measurable functions with the property that their absolute

value is essentially bounded on [to, ts] and L% [to,tf] = (Leo[to, tf])™*, while
n ny| : d n
Wielto, ty] == {y : [to, tf] — R™| y is absolutely continuous, Y € L% [to, tf]}.
These spaces are equipped with norms
[ull e to.t1 = ess supllu(t)]]2
to<t

<ty

and
d
Wl oty = max {1203 15 2001 -

The necessary optimality conditions for (2.1) can be obtained using a general-
ization of the well-known Lagrange multiplier theorem. We need a constraint qual-
ification to ensure the surjectivity of the linearized constraints (2.1b)—(2.1d) at the
solution ¥, u,. For (2.1) this can be guaranteed by assuming that the Jacobian
by (y«(ts)) has full row rank and that the linearized state equations

Su(0) = 0, (0) + Fule0) w0 ),

almost everywhere on [tg, ¢ f],
y(to) = %o, (2.2)

are controllable. Controllable means that for every y; € R™ there exists a control
u € L2 [to, ty] such that the solution y € Wy's [to, ts] of (2.2) satisfies y(ty) = yy-.

The following theorem is proven in [33, Sec. 5.4].

Theorem 2.1 Let the optimal control problem (2.1) be given. Let the
functions m, ¢, f and b be continuously partially differentiable. Let u, €
L2 [to, ts] be an optimal control and let y, € W% [to,ts] be the resulting

state. Let the matrix b, (y.(¢)) have full row rank and let the linearized



system (2.2) be controllable. Then there exists a function p, € Wln Y [to, ty]

and vectors (gp). € R™ and (¢f). € R™ such that the boundary value

problem

p*<t0)

p«(ty)

F (1), us(t)),
Yo, (2.3a)

0,

— [y (), () pu(t) — (3 (1), wa(t)),  (2.3b)

(adjoint equation)

_(QO)*7

my (Y () + by (y(t1))" () (2.3¢)

(transversality conditions)

Fuly (), ua (1)) pa(t) + Lu(ys(t), ua(t),  (2:3d)

(local Pontryagin maximum principle)

are satisfied almost everywhere on [to, tf].

The conditions (2.3b),(2.3c) and (2.3d) are obtained by computing the Fréchet

derivatives of the Lagrangian function

L(y,u,p,q0,qr) = m(y(te)) +b(y(ts)) ar + (y(to) — 7o) a0

+ [ tote)u®) + p(O 000, u(0) ~ Solo)] dt, (2.0

to

with respect to y and u and setting these Fréchet derivatives to zero.



2.2 Bolza and Mayer Forms of the Optimal Control Problem

For most of this thesis, optimal control problems of the following Mayer form are

considered,

min

s.t.

(2.5a)

(2.5D)

(2.5¢)

(2.5d)

This is no restriction, since every problem (2.1) in Bolza form can be converted into

an equivalent problem in Mayer form. This will be discussed shortly.

The optimality conditions for the Mayer form optimal control problem can be

obtained as an application of Theorem 2.1. They are stated here for later reference.

They consist of the boundary value problem

ayt) = fly(),u()),

y(to) = %o,
b(y(ts)) = 0,
the adjoint equation
d T
Splt) = —F,u(0), u0) p(t),
with transversality conditions
p(to) = —qo,
p(ty) = my(y(tf))+by(y(tf))TQf7

and the gradient equation

Fuly(®), u(t)) p(t) = 0.

(2.6a)

(2.6b)

(2.6¢)

(2.6d)



One can transform a Bolza problem into a Mayer problem by moving the integral

term in (2.1) into the differential equation by defining an auxiliary variable

2(t) = [} y(r), u(r))dr. (2.7)

If (2.7) is differentiated with respect to t the following initial value problem (IVP) for

Ca) =), u(r),
z(ty)  =0. .

The IVP (2.7) could then be inserted into the differential equation in (2.5b) along
with y. This leads to the following optimal control problem (2.9) in Mayer form,

which is equivalent to (2.1).

min  m(y(ty)) + z(ts), (2.9a)
s.t.
d
Su(t) = £, (1), (2.90)
2(t) = Gy, u(0), (2.9
y(to) = %o, (2.9d)
~(to) = 0, (2.9¢)
by(t) = 0. (2.90

Application of Theorem 2.1 to (2.9) leads to the following necessary optimality
conditions. There exist adjoint variables p associated with (2.9b) and r associated
with (2.9¢) as well as multipliers o, g5 associated with (2.9d), (2.9f) and multipliers

s associated with (2.9e) such that the constraints
) = flyt),u®),
y(te) = o, (2.10a)

b(y(ty)) = 0,



10

and
4oty = (y(t),u(t)),
£2(0) = y(0).u() o100
Z(tO) - 07
are satisfied, the adjoint equation
d T
Spt) = — L), u) p(t) — L), u(@)r (), (2.10¢)
the auxiliary adjoint equation
ir(t) =0 (2.10d)
dt - '
the transversality conditions
pto) = —qo,
plty) = my(y(ty)) + by (y(ts)) ar, (2.10e)
the auxiliary transversality conditions
T(to) = —S0,
r(ty) = 1, (2.10f)
are satisfied, and the gradient equation
Fuly(®),u@®) p(t) + Lu(y(t), u(t))r(t) = 0, (2.10g)

holds.

Note that (2.10d) and (2.10f) imply r(¢) = 1. The necessary optimality conditions
for (2.1) and (2.9) are equivalent.

The conversion of the problem (2.1) in Bolza form into a problem (2.9) in Mayer
form is also important from a numerical point of view. For an efficient numerical
solution it is important that the discretization of the state equation (2.1b) is consistent
with the discretization of the integral in (2.1a). This is not straightforward for many
high order discretization methods. This difficulty is avoided when (2.1) is transformed

into (2.9), since only a system of differential equations has to be discretized. The



11

discretization of the z-component of this system implicitly defines a discretization of
the integral term in (2.1a) that is consistent with the discretization of (2.1b). For

additional discussions see, e.g., [7].

2.3 Prototypical Examples

Throughout this thesis two example problems are used to demonstrate various prop-
erties associated with solving optimal control problems using a pseudospectral direct
transcription method. These problems are stated here so that they may be referred

to elsewhere.

Example 2.2 (Linear-Quadratic Optimal Control Problem) This prob-
lem was adapted from [27]. Consider the following linear-quadratic opti-

mal control problem

min fol y(t)? + su(t)? dt,

s.t.
(2.11)

av(t) = sy +u), telo1],
y(0) = L
Simple evaluation of the necessary conditions (2.3) leads to the following

exact solution for the state

2e3 + 3
yu(t) = ETRORREIE te[0,1], (2.12a)
the control
2<€3t _ 63)
(== teo1], 2.12b
w) = G L€l (212b)
and the adjoint
2 3t _ .3
() = — 2 =€) ) (2.12¢)

- e3t/2(2 + ¢3)’



The problem (2.11) can be

from:
min (1),
s.t.
it
e(t)
y1(0)
y2(0)

equivalently written as a problem in Mayer

= %yl(t)+u(t), t €[0,1], (2.13)
= () + Lu(t?, te 0.1,

= 1,

= 0.

Evaluation of the necessary conditions (2.6) leads to the following exact

solution for the state

the auxiliary state

(yQ)* (t) =

the control

the adjoint

and the auxiliary adjoint

2€3t _|_€3

(y1)«(t) = S 1 ) te0,1], (2.14a)
e73(2e8 + (€8 — 2)e3t) — eb

21 ) . telo1], (2.14b)

2(6315 _ 63)
wlt) = Gmgrap €01 (2.14c)

2" =€)

(p1)«(t) = ~ R ) t € [0,1], (2.14d)
(p2)«(t) =1, te[0,1]. (2.14e)

Example 2.3 (Orbit Transfer Optimal Control Problem) This example

is adapted from [8].

This problem is frequently used in the context of

pseudospectral direct transcription methods for optimal control problems,

see [15, 14, 17].

Consider the following orbit transfer optimal control

problem of finding an optimal trajectory and thrust steering vector to

12



transfer a spacecraft from an initial orbit to a final orbit in a fixed amount

of time. This problem is stated as

min  —3y2(50)% —

s.t.
G (t)
u2(t)
us(t)

y1(0)
y2(0)

y3(0)

%34;),(50)2 +y1(50)71,

yo(t), t € ]0,50],

wlf s +0.01sin(u(t)), t € [0,50],

_—yZSBZS(t) +0.01cos(u(t)), te€]0,50],

1.1

0,

1/V11,

(2.15)

where y; is the state which describes radial distance, s is the state which

describes the radial component of velocity, y3 is the state which describes

the tangential component of velocity, and w is the controllable thrust

steering angle. It should be noted that this problem has no analytical

solution, however numerical solutions to this problem can be found in

(15, 14, 17).

13
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Chapter 3

Direct Transcription of Optimal Control Problems

In this chapter we describe and analyze pseudospectral collocation discretization of
the optimal control problem (2.5). Such direct transcription methods, especially
Chebyshev collocation and Legendre collocation methods have received significant
attention recently [14, 16, 17, 19, 29, 30]. One reason for this is the alleged fast con-
vergence of the solutions of discretized optimal control problem to the solution of the
underlying infinite dimensional control problem. Another reason for the large interest
in direct transcription methods based on Legendre collocation is the availability of
an adjoint estimate that relates the Lagrange multipliers of the discretized problem
to the adjoint variables p evaluated at collocation points.

While there is numerical evidence that shows fast convergence of the solutions
of discretized optimal control problem to the solution of the underlying infinite di-
mensional control problem, the theoretical foundation is largely missing. The papers
[14, 17, 19] cite estimates in [10, 25] for errors between a function (its derivatives)
and its interpolant (derivatives of its interpolant). Such a result may be used to
establish consistency results as one step in the argument that pseudospectral collo-
cation are fast converging schemes for the solution of the dynamics for a given fixed
control. But these results are not sufficient to establish convergence of the solution
of the discretized optimal control problem to the solution of the underlying infinite
dimensional control problem. In fact, [27] contains simple examples using Runge-
Kutta discretizations of optimal control problems, which show that the solution of

the discretized optimal control problem may converge to the solution of the underly-
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ing infinite dimensional control problem with a slower rate than one might expect, or
may not converge at all.

The goal of this section is to obtain a better understanding of pseudospectral col-
location discretizations of the optimal control problem (2.5), in particular to obtain
a better theoretical foundation for their observed fast convergence. An important
step towards this goal is obtaining estimates for the error between the true solution
to the OCP and the computed solution to the OCP. To obtain these error estimates,
the derivation of an adjoint estimate that relates the Lagrange multipliers of the dis-
cretized problem to the adjoint variables p evaluated at collocation points is necessary.
Such adjoint estimates are also important because the adjoint variables p are used,
e.g., in the method of neighboring extrema for real-time optimal control. Despite the
theoretical and practical importance of adjoint estimates, there are few results for
high order discretizations. We will derive, in a systematic way, adjoint estimates for
a large class of pseudospectral collocation discretizations of the optimal control prob-
lem (2.5). The adjoint estimation procedure of [17] is a special case of our treatment.
We also derive some important estimates for the error between the solution of the
discretized optimal control problem and the solution of the underlying infinite dimen-
sional control problem for linear quadratic problems. For a linear quadratic optimal
control problem we investigate stability results numerically. Finally, we comment on
the discretization of optimal control problems in Bolza form using pseudospectral
collocation discretizations.

Since the reference interval [tg,t;] can always be transformed to the standard

interval [—1, 1] using the change of variables

it is assumed that
[to, ts] = [-1,1]

throughout this chapter, except for Section 3.6.
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3.1 Pseudospectral Discretization of the Optimal Control Problem

For the numerical solution of the optimal control problem we discretize (2.5) using a

pseudospectral collocation method with collocation points
co=-1, c,...,ey1€(—1,1), exy=1.
The state y is approximated by the polynomial
N
yN(t) =D y(t), (3.1)
j=0

where

bt = [T =4 (3.2)

b
ci — ¢
=1 7 !
1#]

j=0,...,N,is the jth Lagrange polynomial. Clearly,

yN(cj):yj, j=0,...,N.

Furthermore,
) = Y ninte)
and
v (o) Yo
=D : , (3.3)
™ (en) YN

where D = D®1I,, € R (N+1)xny (N+1) is the Kronecker product between the so-called
differentiation matrix D € RWHDX(V+1) with entries

d
—i(cj), 4, k=1,...,N+1, (3.4)

D =
kT

and the n, x n, identity matrix I,, . Recall that the Kronecker product of two matrices
A € R™™ and B € R*! is defined as

AHB R AlnB
A®B = : : e R,

AmB - AnnB
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To discretize the state equation (2.5b), we substitute y by ¥ given by (3.1) and
require that the ODE (2.5b) holds at the collocation points cy, . .., cy. Furthermore,
we insert (3.1) into the objective function (2.5a), the initial condition (2.5¢), and the
final time condition (2.5d). This leads to the following pseudospectral collocation

discretization of (2.5).

min  m(yw), (3.50)
s.t.
Yo f (Yo, uo)
p| : |= : , (3.5b)
Yn fyn, un)
Yo = Yo, (3.5¢)
b(yn) = 0. (3.5d)

It is important to note that, following [14, 17, 19] and others, we include a col-
location condition at ¢y as well as the initial condition as constraints in (3.5). This
is different from other direct transcription methods based on collocation, where only
the collocation conditions at ¢q, ..., cy as well as the initial condition are included as
constraints (see e.g., [4, 7, 44]). This also seems different from the way pseudospectral
methods are used to discretize boundary value problems, where one also eliminates
collocation conditions at ¢y, ¢y, depending on the type of boundary conditions spec-
ified (see, e.g., [21, 48, 49]).

With the inclusion of the collocation condition at ¢ it is, in general, not possible
to solve the n, (N +2) discretized state equations (3.5b), (3.5¢) for the n,(N+1) states
Yo, - - -, Yn given controls uyg,...,uy, even if the infinite dimensional state equation
(2.5b), (2.5¢) has a unique solution y for given control w. This is quite different
from the collocation discretizations [4, 7, 44|, where the discretized state equation
consists of n,(N+1) equations and where, under suitable assumptions, the discretized

state equation has a unique solution ¥y, ..., ynN, given controls ug, ..., uy. Hence the
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discretization (3.5b), (3.5¢) of the state equation (2.5b), (2.5¢) only makes sense in
the context of optimal control, but not for simulations.

The choice of including the collocation condition at ¢y leads to nice adjoint esti-
mation properties, which will be discussed in Section 3.3. On the other hand, it is
not obvious that the linearization of the constraints (3.5b)—(3.5d) has full row rank,
even if the constraint qualification in Theorem 2.1 holds for the infinite dimensional
problem. It is possible to check this condition a priori for problems with linear con-
straints, but for problems with nonlinear constraints, it is typical to assume that this
constraint qualification holds and then verify it after computing the estimated solu-
tion, see [47]. In the next example we examine the numerical rank of the linearized
constraints for the discretization of the two problems stated in Examples 2.13 and

2.15.

Example 3.1 In this example, the numerical rank of the constraint
Jacobian in (3.5), evaluated at the computed solutions and using Legendre
pseudospectral collocation, are investigated for the problems in Examples
2.13 and 2.15. The numerical rank is investigated by inspecting the ratio
between smallest singular value and largest singular value of the constraint
Jacobian. Figure 3.1 depicts the ratio of the minimum singular value of
the constraint Jacobian divided by the maximum singular of the constraint
Jacobian value for different N. While for fixed N the constraint Jacobians
have full rank, Figure 3.1 indicates that one should expect numerical rank

deficiency for large N.

We conclude this section by stating a few facts about the two pseudospectral col-
location methods that have been used for the direct transcription of optimal control
problems [14, 17, 19]. Details about the computation of collocation points, cor-
responding differentiation matrices and quadrature weights may be found, e.g., in

[10, 21, 34, 49].
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Figure 3.1: Ratio Between Minimum Singular Value and Maximum
Singular Value of the Constraint Jacobian at the Solution for
Various N. - Left: Linear-Quadratic OCP in Mayer Form -
Right: Orbit Transfer OCP

Example 3.2 (Chebyshev-Gauss-Lobatto Collocation) The Chebyshev-

Gauss-Lobatto collocation points are

qz—cos(%), j=0,...,N. (3.6)

The ¢;’s are the extrema of the Chebyshev polynomials Ty (¢) in [—1, 1].
The ¢;’s are also the roots of (1—t2)£Ty(¢t) in [—1,1]. The corresponding

differentiation matrix is given by

;

_ &p(=1)ITF i 4k,

&jlek—cy)

Dy, = i (3.7)
2N6+1 ] =k = N,
1 e .
=y otherwise,
Where/fO:ﬁN:2and&:...:&v,l =1.
Note that the points ¢; = — cos(jn/N) are defined so that —1 = ¢ <

c1 < ...<cn-1 < ¢, = 1. In the literature, one often finds the definition

100



= +cos(jm/p). In the latter case the signs in the differentiation matrix

given in (3.7) need to be reversed.

With the weighting function
gt = 1/VI— 22,

and the quadrature weights

gty (t)dt = (3.8)

1 /N 1<j<N-1,
w]_/
-1 7/(2N) j=0,N,

the quadrature formula

/_l g(t)h(t)dt ~ ijh(cj), (3.9)

is exact of degree 2N — 1, i.e.,
1 N

/ g(Mh(t)dt =Y " wih(c;) Vh € Pay_a([—1,1]).
-1 =0

Example 3.3 (Legendre-Gauss-Lobatto Collocation) The Legendre-Gauss-
Lobatto collocation points ¢;, j = 0, ..., N, are the roots of (l—tQ)%LN(t),
where Ly (t) is the Legendre polynomial of degree N. The differentiation

matrix for the Legendre-Gauss-Lobatto collocation is given by
(
LN(C‘) 1 .
LN(cz) cj—cp, J 7& k’
—N(N+1) ]:k:O,

Dy = ! (3.10)
NOVED)

0 otherwise.

The weighting function is

and the quadrature weights are

1
. 3.11
= [ B0 = S e ot
The quadrature formula (3.9) is exact of degree 2N — 1.

20
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3.2 Optimality Conditions for the Discretized Optimal Control

Problem

The Lagrangian corresponding to (3.5) is given by

L(y7 u, Xa Ho, MN) = m(yN)

N N
- Z 3‘? [f<yj> uj) — Z Dj,kyk}
3=0 k=0

+115 (Yo — o) + xb(yn), (3.12)
where
Y= un)"
u=(ug,...,uy)",
and

A=(T . NT
Differentiating the Lagrangian (3.12) with respect to the y;’s and setting the deriva-

tives to zero gives the discrete adjoint equations

fy (y07 UO)TXO - Zi\;o Dk}o:\/k = —Iu07
Fowiu) N =N D = 0, j=1,...,.N—1, (3.13a)
fy(yNa UN)TXN - Ziv:o Dk,NXk = _by(yN)TUN - my(yN)-

Differentiating the Lagrangian (3.12) with respect to the u;’s and setting the deriva-

tives to zero gives the discrete gradient equations

fulysu)™ =0, j=0,...,N. (3.13Db)
For completeness we also state the discrete state constraints
Fyiu) = 5o Dy = 0. j=0,..., N,
Yo—7To = O, (3.13¢)

b(:gN) = 07
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which are obtained by differentiating the Lagrangian (3.12) with respect to Xj, j=
0,...,N, o and py and setting the derivatives to zero.

Note that the discrete adjoint equations (3.13a) consist only of n, (N +1) equations
for the n, (NN +2) + n, Lagrange multipliers. Therefore the discrete adjoint equations
alone do not specify the Lagrange multipliers, given u;,y;, j = 0,...,N. This is a
consequence of the fact that we include both the collocation condition at ¢y and the
initial conditions as constraints into our discretized optimal control problem (3.5) and
therefore have n, (N 4 2) discrete state equations (3.5b), (3.5¢) for n, (NN +1) discrete

state variables y;, 7 =0,...,N.

3.3 Pseudospectral Method Adjoint Estimation Properties

As stated earlier, a goal of this thesis is to derive an estimate for the error between
the solution of the optimal control problem (2.5) and the solution of the discretized
problem (3.5). One step towards this goal is to identify a suitable adjoint estimation
procedure, i.e., to compare the Lagrange multipliers Xj and the adjoints p evaluated
at the collocation points ¢;. Such adjoint estimates are not only useful for the error
estimate described above. For many applications it is important to know an approx-
imation of the adjoint variables p of the infinite dimensional control problem (2.5).
Adjoint information is, for example, important to adaptive mesh refinement for opti-
mal control problems. It is also important in real-time optimization of optimal control
problems using neighboring extrema [12, 35, 52]. Despite its importance, there are
few results about adjoint estimation. Adjoint estimates for optimal control problems
discretized using Runge-Kutta methods are discussed in [27]. An adjoint estimation
procedure for the Legendre-Gauss-Lobatto pseudospectral discretization of optimal
control problems is presented in [17]. In this section, we will derive adjoint estimates
for a broad class of pseudospectral discretization of optimal control problems. Our
class of adjoint estimates includes those presented in [17] as a special case and is

derived in a systematic way.
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3.3.1 Integration by Parts Approach

Let cg,...,cn be the collocation points, let g : [—1,1] — R be a positive weighting
function and let wy, ..., wy be positive weights such that the quadrature formula
1 N
/ gDt ~ 3 wih(ey), (3.14)
1 -
7=0

is exact of degree 2N — 1, i.e.,

/ 1 gOh(t)dt =3 wih(e;) Vh € Pay-1([~1,1)). (3.15)

=0

Instead of (3.12) consider the weighted Lagrangian
Lu(y, w, A, o, pv) - = m(yn) + (o — 90)" o + byn) "

N N
2w [f(yj>uj) - ZDjkyk] (3.16)
7=0 k=0

Clearly, if Xj = w;\j, then L(y,u, X;HO;,UN) = Ly(y,u, A, po, piy). We define the

polynomials
N
) = Z Yetk
k=0
N
= Z gy
k=0
and

N = Mtn(t)

Note that since

Zyk—% ) € Pn-a1([=1,1]),
and AV (t) € Pn([—1,1]), the equation (3.15) implies that
N N N d
dowidi Y Dy = Y _wi(\(ey))" 2y ()
=0 k=0 =0

= [ a0 o v @

1 t
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Furthermore, (3.14) yields the approximation

Z wiA] f(y;,u;) = Z wi( AN () F (™ (¢5), u™ (¢;))

Q

[ a0 @7 56 @, )

1

Hence, one may interpret

Lo(y, w, X, po, o)~ m(y™ (1) + (N (1) — 50) o + by~ (1)) i

[ OO [0 - 6 0.0 @) ar. (317)

This suggests the following relation between the Lagrange multipliers Xj and the

weighted Lagrange multipliers \; of the direct transcription and the adjoint variables

p
1 ~ .
wj g9(cj)

The relation (3.18) means that Xj/wj = ), should be identified with p(c;)/g(c;). In

(3.18)

general Xj/wj = ); is not identical to p(c;)/g(c;). However, in Section 3.4 we will
give conditions that guarantee
1y e
wj 9(¢))
as N — oo.
The necessary optimality conditions associated with (3.16), obtained by differen-
tiating the weighted Lagrangian with respect to each variable and setting the result

to zero are given by the weighted-discrete adjoint equations

fy<y07 uO)TwO)\O — Ziv:[) Dk’ﬂwk)\k — _,LLO)
Fowiu)Twid; — S0y Dijuph, = 0, j=1,...,N —1, (3.19a)
Foyw, un)Twn Ay — S0 Divwih, = —by(yn) T w — my (yw),

by the weighted-discrete gradient equations

fulysup)Twid; =0, j=0,...,N, (3.19b)



and by the weighted-discrete boundary value problem

Note that these optimality conditions (3.19)

wj<f(yj>uj)_Z]kV:0Djkyk> = 0, 7=0,...,N,

vo—To = O, (3.19¢)

blyny) = 0.

substituting Xj = w;A; in (3.13).

The following notation will be useful. For a given function f : [-1,1] — R we

define its interpolating polynomial

PN(f)(t) = Zf(ci)wi( )
Note that
Py(f)(ei) = f(ci), i=0,...,N,
and

d

N
EPN(]C)(CZ') = ;Dijf(cj>> i=0,...,N.

The following lemma provides a discrete integration by parts formula.

Lemma 3.1 Let 2, ..., 2y be arbitrary and define 2V (t) = SV zbi(t).

For any continuously differentiable function p : [-1, 1] — R the equation

Z ?Z)P(Ci) > Dz

=0 g

g
+ [ a0= DL Pt pte (3.22)

~+~

can also be obtained from (3.13) by



holds. Furthermore,

Z %p(@)Di,k = plen)ory — plco)dro
_gQ(Z) Z Dyip(ci) + ex(N,p,g),  (3.23)

k=0,..., N, where 0, is the Kronecker delta and

alving) = [ o) (PuBhio - 2 Lot

+ [ e (o0 - ) Loy

g g(t) ) dt

+ [ a0 DL e sy 2

Proof The definition of Py and equation (3.15) imply

Z wngg Z; Dijz;

im0 J\G

g(t)
Similarly,
i fgfééD”p(C”
= [ 0r 0 g e
-/ o) G+ [ zga) (P00 - 280 Lo

These identities imply (3.22).

26
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Equation (3.23) follows from the choice z; = §;. O

Remark 3.4 1If g =1, then

for all zp, ..., 2zN.

The properties of the Lagrange polynomials imply

Yoy s ule) _ he(®)
PN(?)@) - ; g(Cz) %(t) - g(ck)

Remark 3.5 The integrals in (3.22) and (3.24) are well defined for
g(t) =1 and g(t) = 1/v/1 — 2. This is obvious for g(¢) = 1. In the other
case it can be seen from the following argument. Let g(t) = 1/4/1 —t2

and let h : [-1,1] — R be a continuously differentiable function with

h(£1) = 0. By the I'Hospital rule,

Jim A(t)g(t) = lim 1}/l§f()t)

TR O
=51 —g'(8)/9%(t)

1—1t2
= lim A'(¢)
t—+1 t

=0.

Hence the integrands in (3.22) and (3.24) are bounded on [—1,1] and

continuous on (—1,1).

The next lemma shows that the adjoint variable p divided by the weighting func-
tion g satisfies the weighted-discrete adjoint equations (3.19a) with an error that is

dependent on the true adjoint p and on N.



Lemma 3.2 If p satisfies the adjoint
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equation (2.6b), and ¢y and gy

satisfy the transversality conditions (2.6¢), then

v, D) g oople)
fy(y(co), u(co)) wog(co) %Dko Folen) Q0 + (N, p. g),
T P S~ p Pl
fy(y(es), uley)) Ta(c;) kZ:ODkJ kg(ck) (N, p,9),
j=1,...,N—1,
ulv(en).uten) 52— 57 DB — b u(ex) ey = my (o)
+ry(N,p, 9)
(3.25)
where
B.p.0) = <5 | S = ole)| 6 (Nong). (320)

with €;(N, p, g) defined in Lemma 3.1.

Proof Use equation (3.23) and the fact that p satisfies the adjoint equations (2.6b)

and transversality conditions (2.6¢) to deduce

N

- Z ijwk

k=0

p(Ck)
g(cx)

p(c))
g9(cj)

Fuly(e;) ule)) " w;

N

Foy(es),ule;)ple;) + > Diwpler)

k=0

] —plen)din + p(co)djo + €;(N,p, g)

[ d
=p
e

w;j

g(c;) g9(cj)
—p(en)ojn + p(co)djo + € (N, p, g)

d
at?

ley) — Ggpten)| + =5 | ) + At ) ot

U}j d
—P
glc) Ldt™ ™

+qo djo

(p)(e;) = (Cj)} = [my(y(D)" + b, (y(1)) 4s] i + &(N, p, 9),

for j=0,...,N.
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The residual terms (3.26) can be estimated using results from [10, 11]. To state

these results we need the norms

1
112 = | s 327
and
S dk.
1120 = > I 52 1 (329
k=0

Theorem 3.6 i. Let c¢y,...,cy and wy,...,wy be the Chebyshev-
Gauss-Lobatto collocation points and corresponding quadrature weights
defined in Example 3.2 and g(t) = 1/y/1 — 2. If f : [-1,1] — R is s-times
continuously differentiable, then there exists a constant C' independent of

f and N such that

1Px(f) = fllog < CNT2[|fls.g, (3.29)
1Pn(f) = fllug < ON*7*[| £ g5 (3.30)
and
& d d 2\ "
(Z s (PN = (@) ) <ON*| [y (331)
5=0
ii. Let cg,...,cy and wy, ..., wy be the Legendre-Gauss-Lobatto colloca-

tion points and corresponding quadrature weights defined in Example 3.3
and g(t) = 1. If f: [-1,1] — R is s-times continuously differentiable,

then there exists a constant C' independent of f and NN such that
HPN(f) - f”O,l S ONl/Q?S”fHS,Ia (332)

HPN(f) - f”l,l S CN5/27S”fHS,17 (333)

and

1/2

(;wj (%PN(‘f)(Cj) _%f(cj)) > S CON°22||fllsa. (3.34)
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Proof Estimates (3.29)—(3.31) can be found in [10, p.298]. Estimates (3.32)—(3.34)
can be found in [10, pp.293/294]. O

Corollary 3.1 1i. Let ¢,...,cy be the Chebyshev-Gauss-Lobatto col-
location points defined in Example 3.2 and ¢(t) = 1/v1—¢t2 If f :
[—1,1] — R is s-times continuously differentiable, s > 2, and o > 0 then

there exists a constant C' independent of f and N such that

N 1/2
(Z(T‘?(N,f,gw) < CNH('E +||f||s,g)

§=0
+CN7|| fllsy max Yi (3.35)

*90<i<N || ¢ g
ii. Let cp,...,cy be the Legendre-Gauss-Lobatto collocation points de-

fined in Example 3.3 and ¢(¢t) = 1. If f: [-1,1] — R is s-times continu-
ously differentiable, s > 5/2, then there exists a constant C' independent
of f and N such that
N 1/2
(Z(T?U\C /, 1))2> < ON27 fls1- (3.36)
§=0
Proof In this proof C' > 0 denotes a generic constraint independent of N and f.

The Cauchy-Schwarz inequality yields

G(N.fg) < ]PN<§>—§ ||¢j||1,g+\PN<%>—% 1P
+H¢— NG
g g
Hence,
N
St < 2wl C S,
=0 0,9 j=0
N 2
1y PN@)—ﬂ IPx ()12,
e g 9 llo,g
waiew(p -1, 3 [
j=0 Il 9 llog
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There exists a C' > 0 independent of N such that the inverse estimate

d
|5 ¥illog < NIl

holds (see equations (9.4.4) and (9.5.4) in [10]). Furthermore, there exists a constant
C > 0 such that

N 1/2
[¥5llog < C (Z wﬂ/}f(@)) = Cy/wj
=0
(see equation (9.3.2) in [10]). Finally,
¥j

E

Using w; € (0,1) and Zij\io w; = 1, the previous inequalities imply the existence of a

< 1/ gllecll$illog < 1sllog < Cy/wj.

0,9

constant C' independent of N such that

N N 1/} 2
ST, <ont, S| <c
Jj=0 j=0 9 llog
Consequently, there exists C' > 0 with
N 2
2N f.g9) < ON*|Py(Ly -1
Jj=0 g 0,9
N2
+O||PN<f)||%gZ Py =]
Jj=0 g 0,9
+C||Py(f) = flii - (3.37)

If g =1, then Py(¢;/9) —vj/9g = Pn(¥;) —¢; =0,7=0,...,N.
The inequality || Py (f)ll1.g < [|fll1g + [[Px(f) = fll1g and (3.30), (3.33) imply

1PN (Plhg < Cllfllsg N

Using w;/g*(¢c;) < 1, we find that

S [ &) - wrie]

N w; d 2
< ;gw wy | o) - e
< Yu | EPe) - i) (3.35)
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The desired estimates now follow from (3.37), (3.38) and Theorem 3.6. O
The following consistency result is an immediate consequence of Lemma 3.2.

Lemma 3.3 (Consistency) Let p satisfy the adjoint equation (2.6b), let
qo and ¢ satisfy the transversality conditions (2.6c), and let A;, j =
0,...,N, po,pun satisfy (3.19a). If f,(y(c;),ulc;)) = fu(yj ), j =
0,...,N, by(y(cn)) = by(yn) and my(y(cn)) = my(yn), then

At o (585 -3 - 3o (525 )

= —(q0 — po) +r5(N,p ),
JatenTws (P9 3 Y 28 Dy (2
ety (U 0} = 3 Dy (B4 - )
= ri{(N,p,g) j=1,...,N—1,

Fulv(ex)ulew)Tux (295 <1y ) - 3" Dy (2 - )

Q(CN)

where 7(N,p,g), j =0,..., N, is defined in (3.26).

Proof This result follows immediately by subtracting the weighted discrete adjoint
equations (3.19a) from (3.25). O

Note that since the discretized optimal control problem (3.5) has n, (N + 2) + n,
constraints, but only n,(N + 1) state variables, there are only n,(N + 1) discrete
adjoint equations for the n,(N + 2) + n, Lagrange multipliers XO, . ,XN, Lo,y [LN -
Hence, the Lagrange multipliers cannot be computed from (3.19a) alone. Therefore,
it not possible to use Lemma 3.3 and a stability result to obtain an estimate for the
error between p(c;)/g(c;) and Xj Jw;. Such an estimate will be obtained in Section
3.4, where the entire optimality system is considered.

The following example illustrates the adjoint estimate (3.18) applied to the orbit

transfer problem, Example 2.3.



Example 3.7 Consider the Example 2.3. We apply a Legendre and a
Chebyshev pseudospectral discretization, with N = 100, to this problem.
Figure 3.2 shows the Lagrange multipliers )A\VJ as well as estimated adjoint
variables p(c;) =~ g(cj));- Jw; for each discretization. Since the weighting
function g(t) = 1/4/1 — 2 for the Chebyshev pseudospectral methods is
singular at +1, the estimated adjoint g(cj))Tj Jw; becomes less accurate as

t— +1.

33
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Figure 3.2: Lagrange Multipliers MV and Estimated Adjoints g\ . Top
Left: Legendre Pseudospectral Lagrange Multipliers V.
Top Right: Chebyshev Pseudospectral Lagrange Multipliers
AV, Mid Left: Legendre Pseudospectral Adjoint Estimates.
Mid Right: Chebyshev Pseudospectral Adjoint Estimates.
Bottom Middle: Error Between Legendre Adjoint Estimates
and Chebyshev Adjoint Estimates
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3.3.2 Weighting Matrix Minimization Approach

In the previous section, we have obtained the consistency result in Lemma 3.3 by
rewriting the adjoint equations (2.6b) evaluated at ¢;, j = 0,..., N, in the form of
the weighted discrete adjoint equations (3.19a) using the discrete integration by parts
formula (3.22).

Alternatively, one may consider an approach which is motivated by the adjoint

estimation procedure in [17]. In this approach, we identify

Aj :
L ~p(e), j=0,...,N, (3.39)
wj

where w;, j = 0,..., N are suitably chosen weights to be determined below.

Let w; #0, 7 =0,..., N, and consider the identity

f y],u] ZDkgAk

al A
= f y]au] Zkakj b
Al PP A
g ~ ~ k ~ k
= fylypu)" - Z(kakj + ijjk)@_k + ijDjk@—k
k=0 k=0
al X
_ D2 D Djp) 2k 3.40
i |yl y],uj + Z Jk kz;(wk ki + W, Jk)wk ( )
If
1 j=k=0,
{Ekaj + @ijk = 1 ] =k = N’ (341)

0 otherwise,
then we will show below that }v\j Jw; and p(c;) are related. However, the identities
(3.41) cannot always be satisfied. Therefore, let F € RWHDX(V+1) he the matrix with

entries

1 j=k=0,

0 otherwise
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and choose the w;’s such that

N

> (@ Dy; + @Dy, — Ejp)?* = |[WD + D"W — E|3,,
5,k=0
is minimized, where W = diag(@y, ..., Wy) and || - || is the Frobenius norm. The
problem
ﬁm%wWD+Dﬁi—m@, (3.43)

is a linear least squares problem.

Remark 3.8 For any choice of collocation points for which the cor-
responding differentiation matrix D has a nonzero diagonal entry Dj;,

j€{l,...,N — 1}, there is no w; # 0 such that

Consequently, in this case there are no w; # 0, 7 =1,..., N —1, for which

WD+ DTW —E =0.

The differentiation matrix (3.7) for the Chebyshev pseudospectral method,
satisfies D;; #0, 5 =0,...,N.

The differentiation matrix for the Legendre pseudospectral method, which uses
Legendre-Gauss-Lobatto points, satisfies D13 = ... = Dy_yny-1 = 0 (see Example
3.3). In this case the solution of the linear least squares problem (3.43) is known and

satisfies (3.41).

Lemma 3.4 Letc;,j=0,...,N, bethe Legendre-Gauss-Lobatto points

and let D be the corresponding differentiation matrix (3.10). If

- 2 1
GENT NN A ()

(3.45)
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then
wiDj = —wpDyj, j#Fk,
w;Dj; = —w;Dj;, j=1,...,N—1,
(3.46)
2D00 = _1/21707

2Dy = 1/U7N
Proof This result can easily be verified, keeping in mind that Ly(—1) = (=1)V,

Ly(1) =1. O

For the Chebyshev collocation the following lemma provides a suboptimal solution

of the linear least squares problem (3.43).

Lemma 3.5 Let

(Chebyshev-Gauss-Lobatto collocation points), let D be the correspond-

ing differentiation matrix (3.7). If
w; = wj = (3.47)

then
w;Djy = —wiDyj, J#Fk,

2D00 — —1/@0, (348)
2DNN = 1/7:\U/N
The least squares norms ||WD +DTW—E ||%, using the weights defined by (3.47),
for different numbers of collocation points are shown in Figure 3.3.
For the Chebyshev collocation points the linear least squares problem (3.43) is

solved numerically. The least squares norms ||[WD + DTW — E||%, using optimal

weights, for different numbers of collocation points are shown in Figure 3.4. Figure 3.5
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— min
- = max

0 20 40 60 80 100 120 140
Number of collocation points N

Figure 3.5: min w; and max w; for different numbers of collocation points

shows that the optimal weights w;, j = 0,..., N, are positive. The element wise error
WD + DTW — E| for N = 64 is displayed in Figure 3.6.
If we define
€k = Wy Dy; +w; D, — Ejy, (3.49)

J,k=0,..., N, and use the identities (3.40) in (3.13a), we obtain

{DO [fy(y07 Uo)Tg—g + 22\;0 DOkg_IZ_
_'_1%_?) tHo = chvzo 60’61%_};7

w A N Xk | N A .

Wi [fy(’yj’“J')Ta_ﬂ + o Dinzt| = Tl J=1....N-1 (350

Wy |:fy(yN7 UN)T%_]; + Zii;vzo Djk%_},i

— A () by () Ty = g eni .
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Figure 3.6: Element Wise Error log,, |(WD + DTW — E);j| for N = 64.

We use the adjoint equations (2.6b) evaluated at ¢j, j = 0,..., N, and the

transversality conditions (2.6¢), to obtain
i | (o), u(eo))Tpleo) + 23 Dowpler)
+p(co) + g0 = Wo [&Pn(p)(co) — Fp(co)],

) [ £ uler),u(e))ples) + Sl Daple)| = [ Pp)(e) — fnle)]

B [Fy ulew) ulen)) plex) + S Dl

—p(en) +my(y(en)) +by(y(en))Tqr = wn [£Pv(p)(en) — Splen)] -
(3.51)

Recall the definition (3.20) of Py.
Subtracting (3.50) from (3.51) leads to the following result.

Lemma 3.6 (Consistency) Let p satisfy the adjoint equation (2.6b), let

go and gy satisfy the transversality conditions (2.6c), and let \;, j =

0,...,N, po,pun satisfy (3.19a). If f,(y(c;),ulc;)) = fu(yj ), j =
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0, IV, by(y(ew)) = byuw) and my(y(cn)) = mny(y), then
%!mmmw@mT@mﬁ—%>+§jan@@_%>]
k=0

A
+ (P(Co) - {D—O) +qo — Ho

0
N ~

::%im@@kimﬂ—zm%’

(3.52)

In the case of Legendre-Gauss-Lobatto points, ¢;, j = 0,..., N, the weights

- 2 1
GENT NN A ()

are optimal and lead to

€e=0, jk=0,... N.

In this case the adjoint estimates (3.18) and (3.39) are identical. Furthermore, in this
case the consistency results in Lemma 3.3 and in Lemma 3.6 are identical. However,

for the Chebyshev-Gauss-Lobatto points, Remark 3.8 shows that

|€jj|>07 17=0,...,N,
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and the numerical results displayed in Figure 3.4 indicate that

N N

ZZE?,C — e ~065>0 (N — o0).

j=0 k=0
Hence, in the case of Chebyshev-Gauss-Lobatto collocation, the adjoint estimate
(3.39) suggested by the weighting matrix approach is not useful, unlike the adjoint

estimate (3.18) derived earlier.

3.4 Discretization Error for the Optimal Control

With the adjoint estimation procedure in place, it is now possible to quantify the

error between the state
N
yV(t) = Zyi?ﬂi(t)»
i=0
control
N
u(t) = Zui%‘(t);
i=0
and adjoint
N
AN(t) = Z Aihi(t),
i=0
computed as the optimal solution of the discretized optimal control problem (3.5) and

the solution ¥, u, and p of the infinite dimensional optimal control problem (2.5).

Recall that y;, uj, Aj, 7 =0,..., N and po, sy satisfy the weighted discrete adjoint

equations
fy(y(h Uo)Two)\o - Zliv:o Drowr Ay = —po,
Foyiu)Twid; — S0 Drjwphe = 0, j=1,....N—1, (3.53a)
Folyn un)"wnAn = 3250 Devwihi = by (yn)" v — my (yw),

the weighted-discrete gradient equations

Fulysug)Twih; =0, j=0,...,N, (3.53b)
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and weighted-discretized state equations
wy () = Silg Dise) = 0. j=0,.., N,
vo—7T0 = O, (3.53¢)
blyn) = 0.
If f is affine linear,

FQy(), u(t)) = Fy(t)y(t) + Fu(t)u(t) + fa(t),

if m is quadratic,

m(y(ty)) = gy(ty)" My(ty) +m] y(ts) +ma,
and if b is affine linear
b(y(ty)) = By(ts) + ba,
then the optimality conditions (3.53) can be written as

KNXN = b]\/7 (354)

where

Xy = (yg, YN uOT, U, )\g, AN ,uOT,,u%)T. (3.55)

Lemma 3.7 If y, u satisfy the state equations (2.5b)—(2.5d), then

wj[f(y(cj)’u<cj))_ZDjky(Ckﬂ = T‘;(N,y,l), jZO,...,N,

y(Co)—?jo - 07

b(y(en)) = 0, (3.56)
where
s(N CY dP d
(N, p,9) = o) |t v (P)(es) = p(es) | - (3.57)

Proof This result follows from evaluating (2.5b) at the collocation points and using

the definition (3.20) of the interpolating polynomial. Il
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The following error results are shown for linear-quadratic optimal control prob-
lems. More analysis is needed to extend these results to nonlinear OCPs, however
that exceeds the scope of this thesis.

The following lemma provides a consistency result which will be used to derive an

error estimate for the optimal control for linear-quadratic OCPs.

Lemma 3.8 (Consistency for Linear-Quadratic OCPs) Let f be affine

linear,
Fy(), u(t)) = Fy(t)y(t) + Fu(t)u(t) + fa(t),

let m be quadratic,

m(y(ty)) = sy(ty)" My(ty) +mi y(ts) + ma,

and let b be affine linear

b(y(ty)) = By(ts) + ba.

If y,u,p,qo,qs are the solution of (3.5) and corresponding adjoint vari-
ables and Lagrange multipliers, and if 4o, ..., yn, Uo, ..., UN, Aoy -5 AN,
o, ity are the solution of the discretized optimal control problem (3.5)
and corresponding weighted Lagrange multipliers, then

g( g(cx)
+(QO_NO> = TS(N,p,g),

Fy(c;) w; (p<cj; - Aj) - é%wk <% - Aj) = 1;(N,p.9),

g(c;

P (ex) (p(cN) - AN) ~ émek (p(cw ~ AN)

g(en) g(cr)
+B"(qr — pn) + M(y(en) —yn) = 7%(N,p, 9),
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i Dii(y(cr) — yk)} = 75(N,y,1),
- j=0,...,N,
y(co) —yo = 0,
B(y(en) —yn) = 0, (3.58¢)

where 7§(N,y,g) and 73(N,y,9), j = 0,..., N, are defined as in (3.26)

and (3.57) respectively.

Proof The equations (3.58a) were derived in Lemma 3.3. The equations (3.58b)
are obtained by evaluating (2.6d) at ¢; and subtracting (3.53b). The equations (3.58¢)
are obtained by subtracting (3.53c) from (3.56). O

The first part of the following theorem is an immediate consequence of Lemma

3.8. parts two and three follows from Corollary 3.1.

Theorem 3.9 (Error for Linear-Quadratic OCPs) 1. Let the assump-

tions of Lemma 3.8 be valid. If xy is defined as in (3.55) and if

T T
picn
AR ( ) ?Qg7q}1) )

g(en)

= y(co)T en)’ ule)” UCTp(CO)
X‘(y< o) - oylen) Ty uleo) s ulen)™, TS

then

en = x[l2 < KR 2le (N, y.p, 9)l2, (3.59)
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where K is the system matrix in (3.53), (3.54) and

r3(N,p, g)

v (N, p, g)

r(N,y,p.g) = 0 : (3.60)

ii. Let cg,...,cy be the Chebyshev-Gauss-Lobatto collocation points de-
fined in Example 3.2 and g(t) = 1/v/1 —t2. If y and p are s-times con-
tinuously differentiable, s > 2, and ¢ > 0, then there exists a constant C

independent of y, p and N such that

”I'(N, Y, P, g)”2

< CONZ*(||yllsg + IPllsg + Ip/9ls)

FONTIpllsg max 195/l (3.61)
iii. Let cg,...,cy be the Legendre-Gauss-Lobatto collocation points de-

fined in Example 3.3 and ¢(t) = 1. If y and p are s-times continuously
differentiable, s > 5/2, then there exists a constant C' independent of v,

p and N such that

(N2, Dl < CN27 (l[yllsa + [Iplls) - (3.62)

To obtain an error estimate, one needs a stability result that guarantees the uni-

form boundedness of |Ky'[l2. Such a result is not yet known.
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Example 3.10 Consider Example 2.13. Applying a Legendre pseu-
dospectral discretization to this problem yields the results shown in Figure
3.7. The numerical results indicate that the solutions of the discretized
problem converge quickly to the solution of the infinite dimensional prob-
lem. The lower right plot in Figure 3.7 also shows that | Ky'||2 increased

significantly as NV increases.

5 10 15 20 25 5 10 15 20 25

10°

-1,
1K

L L L 10
5 10 15 20 25 5 10 15 20 25

Figure 3.7: Error vs. N for Linear-Quadratic Optimal Control Problem
in Mayer Form Using Legendre Pseudospectral Collocation-
Top Left: ¢; State Error - Top Right: ¢ Control Error
- Bottom Left: ¢y Adjoint Divided by Weighting Function
Error - Bottom Right: Norm of System Matrix Inverse
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Example 3.11 Again consider Example 2.13. Now the Chebychev pseu-
dospectral discretization is applied to this problem. The numerical results
are shown in Figure 3.8. The error between the solutions of the discretized
problem and the solution of the infinite dimensional problem decays much
slower than in Example 3.10. Especially the error A —p/g for given N is
much larger than in Example 3.10. We also observe that for the Chebychev
pseudospectral discretization |[Ky'[|2 is larger and increases more rapidly

as IV increases than in Example 3.10.

48

NO-uol,

0 20 40 60 80 100 0 20 40 60 80

10°F

H
-1
I
o
o

10F

1’ I I I I 10
0 0

Figure 3.8: Error vs. N for Linear-Quadratic Optimal Control
Problem in Mayer Form Using Chebyshev Pseudospectral
Collocation- Top Left: ¢5 State Error - Top Right: ¢5 Control
Error - Bottom Left: /¢35 Adjoint Divided by Weighting
Function Error - Bottom Right: Norm of System Matrix
Inverse
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From the numerical results in Examples 3.10 3.11 it is questionable whether one
can prove that |[Ky'|2 is bounded. The numerical results, however, indicate that
even if ||Ky' |2 is not bounded it grows slower than ||r(N,y,p, g)||2 decreases. In such
a case, convergence of the solutions to the discretized problems can be guaranteed,
but the rate of convergence is less than one would expect based on the consistency
results alone. It is also not known whether and, if so how, the growth in [|[Ky'[|2 is
related to the increasing condition number of the constraint Jacobians reported on in

Example 3.1.

3.5 Numerical Equivalence of Bolza and Mayer Forms

In this section the numerical difference between the Bolza form OCP (2.1) and the
Mayer form OCP (2.9) is addressed. In [17] the argument is made that for the
Legendre pseudospectral method the quadrature rule used to compute the integral
in (2.1a) is equivalent to the resulting auxiliary discrete adjoint equations in the
transformed problem (2.9). This would imply that for the Legendre pseudospectral
method, a direct transcription of either problem leads to the same numerical solution.
It will be shown that this assertion is not quite correct and that solving the discretized
OCP in Mayer and Bolza forms, respectively, yield results that merely converge to

the same solution as N — oo. Recall the Bolza form optimal control problem

min  m(y(1) + /_ (o), ut)t, (3.63a)
s.t.
Su(t) = £, u(0), (3.63b)
y(=1) = o, (3.63c)

b(y(1)) = 0. (3.63d)
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Recall the transformed Mayer form OCP

min  m(y(1)) + 2(1), (3.64a)
s.t.
Su(t) = £, u(0), (3.64b)
(1) = y(r), u(t)), (3.64c)
y(~1) = B, (3.64d)
z2(—1) =0, (3.64¢)
b(y(1)) = 0. (3.64f)

To compare the discrete solutions to (3.63a) and (3.64) it is necessary to look
at the discrete optimality systems of each. The weighted discrete Lagrangian from

(3.16) for (3.64) can be written as

Lw(Y: z, 1, A: Y, Ko, N, VO) - m(yN) + b(yN)TMN + (yO - QO)TMO + ZgVO

N N
+w;; [Z Uys,u5) — Y Djpar]
j k=0

j=0

N N
FwX] [ D Flyiw) = > Die]. - (3.65)
k=0

J=0

Differentiating (3.65) with respect to the y;’s and setting it equal to zero yields

Ty (Yo, uo) T woNo + €y (Yo, wo)woryo — fozo DyowpAi, = —po,
Fo s w) Twids + Gy (g, u)wiyy; — S Dejwrhe = 0, j=1,....N—1,

Folyw, un)TwnAn + G (Y, un)wn iy — Sopeo Devwide = —by(yn) iw — my(yn).-
(3.662)

Differentiating (3.65) with respect to the z;’s and setting it equal to zero yields

—Ziio Dyowrpye = —uo,
(3.66b)

_ngvzoDk,jwwk =0, j=1,...,N.
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Differentiating the Lagrangian (3.65) with respect to the u;’s and setting the deriva-

tives to zero gives
Fulyj, up)Twidj + € (y;,u)w;y; =0, §j=0,...,N. (3.66¢)

Differentiating the Lagrangian (3.65) with respect to the A;’s, py and pn and setting

the derivatives equal to zero

wi[f(55) = S0 Dasn] = 0, =0, N,
Yo— Yo = 0, (3.66d)
blyn) = 0.

Differentiating the Lagrangian (3.65) with respect to the A;’s, po and pn and setting

the derivatives equal to zero as well

wy [ﬂ(yj,uj) - ZkN:o Djrz| = 0, 7=0,...,N,
(3.66¢)

Z():O.

Alternatively, the OCP (3.63) can be solved directly in Bolza form. In this case

the integral term is approximated by

~ 3" iy, uy). (3.67)

Using (3.67), the weighted discrete Lagrangian for (3.63) can be written as

N
w<
Lw(Y7u7>‘71u07:uN) = m(yN)—i_Zg(cj)g(yJ?uj)
J

+b(yN)T,UN + (yo — @o)T,uo

N
Fiu) =D Djwy]. (3.68)
k=0

NE

=0

<
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Differentiating (3.68) with respect to the y;’s and setting it equal to zero yields

Jy(yo, o) " wodo + ¢ y(%0, 10) Jicay — Yo Drowrd = —po,
fy(yj7u.7) w])\ +€ (y],u]) Zk,‘ ODk]wk-)\k = O’ j:l’.‘_’]\f_l7
fy(yn, un)Twn Ay + 4 (yx, UN)ng Zk o Denvwehe = —by(yn)" v — my(yn).
(3.69a)

Differentiating the Lagrangian (3.68) with respect to the u;’s and setting the deriva-

tives to zero gives
Fulyy,ug) wid; + Lu(y;, uj)g—' =0, j=0,...,N. (3.69b)

Differentiating the Lagrangian (3.68) with respect to the A;’s, po and pn and setting

the derivatives to zero gives

wj[f(?Jj»“j)—ZiV:oDj,kyk =0, 57=0,...,N,
Yo—Y = 0, (3.69¢)
blyn) = 0.

Lemma 3.9 Let y™M o« \M AM M0 and 13! be solutions to the
weighted discrete optimality system (3.65) corresponding to the trans-
formed Mayer form OCP (3.64). Let y” u® A\ uf and u& be solutions
to the weighted discrete optimality system (3.68) corresponding to the
Bolza form OCP (3.63). We define

= (W07 T ) T DT DT (T ()T
and
<= (W) )T W) BT ) OB ()T BT

to be the numerical solutions to (3.64) and (3.63) respectively. If the
weighted discrete optimality systems (3.65) and (3.68) are sufficiently sta-
ble, then the error between these solutions, ||xA — x% |2, will converge to

zero as N — oo.
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Proof This result is easily verified using the adjoint estimation Lemma 3.2 and the
optimality conditions (2.10) in Section 2.2, v — r(t)/g(t) = 1/g(t), where r(t) is the

true auxiliary adjoint. [

It is evident that the systems (3.66) and (3.69) are not equivalent. This is because

the estimated auxiliary adjoint,

V() =) wten(t),

will only converge to its true solution 1/¢(t) as N — oo. In order for these systems to
be equivalent, the auxiliary adjoint v~ would have to be equal to its true solution, 1,

for all N. This notion is reinforced by the following example to conclude this section.

Example 3.12 Consider the example problem (2.2) in Mayer from (2.13).

A Legendre pseudospectral discretization to this problem is applied. Secondly,
consider the example problem (2.2) in Bolza from (2.11). Again a Legendre
pseudospectral discretization to this problem is applied. Taking the /5
norm error between the state, control, and adjoint for each N yields the
results shown in Figure 3.9. Notice that the behavior described in Lemma
3.9 is exhibited. The solutions are never identical, but converge to the

true solution as N — oo.
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3.6 Extension to Multiple Subintervals

Much of the work done in this chapter applied the pseudospectral method on one
interval [—1,1]. Extensions to multiple intervals are very important for many prob-
lems. Our error bound in Theorem 3.9 indicates that the discretization error between
computed solution and true solution depends on the smoothness of the state and
of the adjoint. The smoothness of the state depends, among other things, on the
properties of the right hand side function f in the governing dynamics. For problems
with piecewise continuous right hand sides (e.g., due to change of mass in launch
problems, or due to piecewise constant controls), it is important to introduce mul-
tiple subintervals. Another potential benefit of using pseudospectral methods along
multiple intervals is to take advantage of sparsity. Indeed the optimality system for a
pseudospectral method along many subintervals will be very sparse relative to a pseu-
dospectral method applied on one interval. The benefit is that proper exploitation of
sparsity may improve solution time.

The pseudospectral method can easily be extended to multiple subintervals. To

accomplish this, the collocation points
co = —1, Cl,...,CN_lé(—]_,l), cy =1

are again used. At this point it is more useful to consider the OCP (2.5) on the

interval [to, ty].

Remark 3.13 The time interval shift can be accomplished by the fol-

lowing identity. Let ¢(c) € [ts,to] be the mapping

tc) = ((tf —to)e+t + t0>/2.

By the chain rule, we have that

Lyft(e)) = ulte) () = L (b)), u(t(e)))
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However, for the remainder of this section, ¢ will not be written as an explicit function

of ¢ and the more convenient notation

Syt = L (0, u(t)),

will be used.

The interval [to, t¢] is subdivided into I subintervals [¢;,¢;41], 7 =0,...,] —1, with
t0<t1<...<t[:tf.

We define h; = t;.1 —t;. The state y is approximated by a piecewise polynomial /v
The restriction of ™V onto [t;,ti41], i = 0,...,I — 1, is denoted by 3" and written

as

Zyw]( 1+2 ht), (3.70)

(2

The collocation discretization of the optimal control problem (2.5) is given by

min m(yr-1.n), (3.71a)
s.t.
Yi,0 f(Yi05 uio)
D : :% : , 1=0,...,1—1, (3.71Db)
Yi,N f(yin, wiN)
Yi,N = Yi+1,0, i=0,...,1—2, (3.71c)
Y0,0 = Yo, (3.71d)

b(y[—l,N) =0. (3716)
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The weighted Lagrangian corresponding to (3.71) is given by

Lw(YauaA>ﬂ'nu0>H’N) = (yI 1N) (372)
I-1 N

+Zzw] [ i yZJ?uZ,] ZD] EYi k]

=0 7=0
-2

+ Z i [Yiv — Yisr0]
i=0

+b(y1—1,N)T,uN + (Yo,0 — o) " o- (3.73)

Differentiating the Lagrangian (3.72) with respect to the y; ;’s and setting the deriva-

tives to zero gives the weighted-discrete adjoint equations on multiple intervals

b £ (Y0,0, t0,0)TwoMo,0 — SV o Deowidog + pio, = O,
%fy(yo,ja uO,j)ij)\O,j — Zino l)k’jwk/\(“C = 0, ] = 1, ey N — 1,
ho £ (o, won) " wnAoN — S o Denwidos + o = 0,

on the first subinterval 7 = 0,

%fy(yi,m ui,O)T'LUO)\i,O - Zgzo Dk,Owk)\i,k: — -1 = 0,
%fy(yi,jaui,j)Tw] @] Zk ()ijwk)\zk = 07 j:]-?"'7N_1a

bty (yinv win) Twon Ay — Z;]j:o Dy nwihig + i, = 0,

fori=1,...,1 —2, and

hi T N = _
S fy(Wr-10,ur-10) wori—10 — D o DrowrAr—1p — fir—2 = 0,
h T N _ s
S fyYr-1g ur-1)  wiAi-1; — 3 o Drjwidr—1p = 0, j=1,...,N—1,

; N
%fy(yI—LN, U1—1,N)TUJN/\I—1,N - Zk:o Dk:,ka)\I—l,k;

by (yr—a.n) pun + my(yr—1n) = 0,
(3.74¢)

on the last subinterval ¢ = I — 1.
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The next lemma shows that the adjoint variable p divided by the weighting func-
tion g satisfies the weighted-discrete adjoint equations along multiple subintervals
(3.19a) with an error that is dependent on the true adjoint p, the weighting function
g and N.

Lemma 3.10 If p, gy and ¢y satisfy the adjoint equation (2.6b) and the

transversality conditions (2.6¢) then

h (t ot
gfy(yovo’uozo)T Uoo) _ ZDk,O (fo,) + q

= T(C)L,O<N7p7 g)
h pltoy) s~ Pltox)
0 7P(to,; 0,k
—f (yo,'ﬂm ) - Dy,
27T g(e) g% 7 g(cr)
= 1r5;(N,pyg), j=1,...,N—1,
h pltoy) w5 Pltos)
0 T 0,N 0,k
— — D t
9 fy(Yo,n, uoN) () kZ:O kN a(cn) + p(to,n)
= T(C)L,N(Nap> g)> (3753)

on the first subinterval 7 = 0,

h; 7P(tip) ZN p(tix)
Py 1,0, Wi, 7 - D , : - ti_ ,

= TZO(N7p7 g)7

Q

=z

hi p(tiy) p(tik)
Ly Wigouig) =5 =¥ Dy =
A (() kZ:O ’ g(cx)

= r;(N,p,g), j=1,...,N—1,

2 g( g(cr)
= rin(N,p,9), (3.75b)

h; t; N t;
—fy(yi,Nan,N)Tp(c’N)) - ZDk,Np( ) + p(tin)
N k=0
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fori=1,...,1 —2, and

N
h; t_ t_
Efy(ylﬂ,o, Ull,o)Tp(gécol)’O) -y Dk,op(géT;;k) —p(ti-2,n)

k=0
= T.Lfl—l,O(Napvg)a
N
hi t[ 1 p
Efy(yl—l,jyu[—lg ] Dk]
) k=0
r?fl,j(]\ap) )7 ]:]—,-'.,N—]_,
h; p (t p(t
Efy(ylfl,Naulfl v)" I - N Dy n
k=0
+by(yl—1,N)TQf + my<y1_17N)
= r(Il—l,N(Napag)a (375C)

on the last subinterval : = I — 1, where

11 (V,p.9) = 5 | PN Ot) — o)+ es(Npa), (370
with
e (N.pg) — /_1g(t) <PN(p(ti+EJhi/2) .))(t)_p(tit]ggi/z)t)) %%(t)dt
+ [ ot (P00 - 28 ) EPelote+ () e
+ [ a0 S (Pulotts + (u/2) 0 = plt + (hif20)

(3.77)

Proof The result is a direct extension of Lemma 3.2. It is obtained by using
equation (3.23) and the fact that p, gy and ¢y satisfy the adjoint equation (2.6b) and
the transversality conditions (2.6¢). Then p/g, p, o and g; are inserted into (3.74) for

A, [, fio and py respectively to obtain (3.75). Il
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Chapter 4

International Space Station Momentum Dumping
Problem

The Legendre Pseudospectral method described in the previous chapters is now ap-
plied to a realistic optimal control problem. This chapter describes formulation and
solution of the International Space Station momentum dumping problem. One version
of this problem, where a continuous control is considered, lends itself to the appli-
cation of the Legendre Pseudospectral method on one interval while other versions,
where piecewise constant controls are considered, lend themselves to the Legendre
Pseudospectral method using multiple subintervals. In each case, the problem is
stated, then transcribed into a nonlinear program and solved using standard nonlin-

ear programming techniques. Numerical results for each problem scenario are given.

4.1 Background

Spacecraft attitude control is usually provided by momentum devices such Control
Moment Gyroscopes (CMGs) or reaction wheels, as they do not require consumables.
However, the momentum of such devices is limited and when this limit is reached the
device is termed saturated. In this situation, ‘controllability’ is lost along the mo-
mentum saturation direction. Recovering full three degree-of-freedom control requires
desaturating the momentum device.

The usual approach to desaturate accumulated momentum is to use an addi-
tional device. Examples are mass expulsion devices, magnetic dipoles which interact
with the Earth’s magnetic field, and rotating solar arrays which interact with solar

radiation pressure [22],[50]. Mass expulsion devices require the use of consumable
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propellant, which has finite lifetime and is expensive to get to orbit or replenish.
Magnetic dipoles are electromagnets, which generate a torque on the spacecraft by
their dipole interaction with the Earth’s magnetic field. Disadvantages are that the
Earth’s magnetic field is not well known and hence may require the use of magne-
tometers to measure it, that it can be affected by sun spots or magnetic storms, and
that it varies with orbit location thus restricting the amount and direction in which
momentum can be unloaded. Roll and pitch momentum is unloaded near the mag-
netic poles, while roll and yaw momentum is unloaded near the geomagnetic equator
[32],[51]. Further, the use of dipoles generates an additional magnetic field on the
spacecraft, which may affect other sensors or devices. Solar pressure based methods
require the use of modulating surfaces such as solar arrays. This sacrifices electrical
power, creates mechanical lifetime issues due to wear and tear and increases the risk
of drive failure.

An alternative is to use the momentum devices to appropriately maneuver the
spacecraft in a disturbance field such that accumulated momentum can be removed
[51]. Since most environmental disturbances on the spacecraft are a function of its
attitude, the accumulated momentum due to navigating in such a disturbance field
is path dependent. Performing an attitude maneuver over a pre-selected trajectory
can result in a lower final momentum state than one with which the vehicle started.
The advantage of this approach is that it does not require any additional hardware
or specialized software. Hence, it can be applied to any existing vehicles that use
momentum devices. In general, the method provides momentum unloading in all
axes and does not require preferred orbit locations. Gravity gradient and to a lesser
extent aerodynamic torques are well defined and better known than Earth’s magnetic
field. This approach can also be used as a contingency operational mode for spacecraft
which use other actuators for momentum dumping purposes, consequently increasing

the operational lifetime of satellites already in orbit.
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4.2 Rotational Dynamics

The equations of motion described in this section can be found in [32]. The attitude

dynamics of a rigid body in a circular orbit are given as

J%w(t) = 1y — w(t)*(Jw(t) + h(t)) — ult), (4.1a)

where w : R +— R? is the angular velocity of the spacecraft with respect to an inertial
reference frame measured in rad/sec. The remaining terms are h : R — R3 the
angular momentum of the Control Moment Gyroscopes (CMGs) measured in ft-1bs-
sec, u : R — R3 the control torque measured in ft-lbs, 7; € R? the external disturbance
torque, J € R3*3 the inertia matrix of the spacecraft measured in slugs-ft2. All terms
are evaluated with respect to the spacecrafts fixed body reference frame, see Figure

X

4.1. The skew-symmetric cross product operator * is is given as

0 —das (05}
X
a = as 0 —ay
—Q2 aq 0

External disturbance torques may take many forms. Examples are gravity gradient
torque, aerodynamic torque and magnetic torque. This model considers only gravity

gradient torque 7,, which is given by
Tgg = 35 Cy I, (4.1b)

where wy, = 0.0011 rad/sec is the orbital for the current altitude and Cj is the
third column of the rotation matrix which rotates any vector in the local vertical
local horizontal (LVLH) reference frame into the spacecrafts body reference frame.
It is assumed that all other external torques are small relative to those modeled and
therefore negligible.

The attitude kinematics, using a quaternion formulation, are given as

Lalt) = T@)(w(t) — ), (410
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where ¢ : R — R* is the attitude quaternion, 7" : R* — R**3 is given by
—@(t) —as(t) —aq(t)
a(t) —aqlt)  al()
() @) —g()
—qg3(t)  q2(t) Q1(t)

and w, € R3 is the constant orbital rate for the LVLH reference frame, assuming a

circular orbit. The w(t) —w, term represents the relative angular rate with respect to
the LVLH reference frame, therefore the quaternion ¢ computed from (4.1c) describes
the attitude of the spacecraft with respect to the LVLH reference frame. It is standard
for the control variable to enter into the dynamics through a control law. For now it

is assumed that the CMGs are controllable directly, resulting in the control law

d
—h(t) = u(t). (4.1d)

Figure (4.1) shows the aforementioned reference frames as they relate to the Earth,
the LVLH orbit and the space station.

Additional consideration must be given to the attitude kinematics equation (4.1c)
because a quaternion must always have a unit norm. Therefore a path equality

constraint must be added
la(®)ll2=1, V1€ [to,t]. (4.2)

This is typically a difficult constraint to satisfy. For simulations, the standard pro-
cedure in simulations is to divide the current quaternion by its magnitude during
each step of numerical integration. In this thesis we use Legendre Pseudospectral
collocation to discretize the dynamics in the optimal control problem. Since equality
constraints are only enforced at the collocation points, it should not be expected that
the unity norm constraint will be satisfied in the infinite dimensional sense. Such a
constraint violation results in a solution which has no physical meaning. Therefore it

is beneficial to use Euler-Rodriguez parameters which are defined to be [32]

r(t) = (a2(t) as(t) as(t))" - (4.3)
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Figure 4.1: Earth’s Inertial Reference Frame, Local Vertical Local
Horizontal Reference Frame, International Space Station’s
Body Reference Frame (ISS Assembly 12A shown)

Note that (4.3) is not defined when ¢;(t) = 0, which is equivalent to a 180° rotation.
This corresponds to attitudes which are assumed to not occur along the optimal
trajectory. Using the representation (4.3) does not require the path equality constraint

(4.2). Via Euler-Rodriguez parameters, (4.1c) can be converted to

d 1 T x
%r(t) = i(r(t)r(t) + I +7rt) ) (w(t) — wy)- (4.4)

The rotation matrix in (4.1b) can be computed as

C=1I+

U

The resulting attitude dynamics for the space station are given as
Tgw(t) = 7(r) —w(t)*(Jw(t) + h(t)) — u(t)
%r(t) = %(r(t)r(t)T + I +7r(t)*)(w(t) — wo(r)) (4.5)
Lht) = u(t).
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4.2.1 International Space Station Assembly Stage 12A

This thesis considers International Space Station stage 12A, which was originally

scheduled for launch in December 2002. This assembly makes the following additions

2]:

e Delivers second port truss segment (P3/P4 truss) to attach to first port truss

segment (P1 truss).

e Central cooling radiators, delivered earlier on flights 9A and 11A, are deployed

from first starboard (S1 truss) port (P1) truss segments.

e Exterior attachments for Brazilian Unpressurized Logistics Carriers (ULCs) are

delivered.

The inertia matrix J for space station assembly stage 12A, shown in Figure 4.2, is

given in Table 4.1 [40].

2.8070 x 107 4.8225 x 10° —1.7168 x 107
4.8225 x 10° 9.5145 x 107  6.0260 x 10*
—1.7168 x 107 6.0260 x 10*  7.6594 x 107

Table 4.1: ISS 12A Inertia Matrix [slugs-ft?]

Due to physical limitations, the CMGs must not reach a certain momentum mag-
nitude threshold because they will become saturated. This saturation limit can be

found in [39] to be 10000 ft-lbs-sec. This leads to the path inequality constraint
h()]l2 < hanaz, Yt € [to, 1], (4.6)

where h,,q, = 10000.



Figure 4.2: International Space Station Assembly 12A

66
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4.2.2 Boundary Conditions

The boundary conditions for (4.5) are chosen such that the spacecraft is at a Principal
Axis (PA) attitude initially and travels to a Torque Equilibrium Attitude (TEA). A
PA attitude is an attitude for which the gravity gradient torque is zero. A PA is a
common rest attitude for a spacecraft such as the space station. The PA attitude

associated with the inertia matrix, in Table 4.1, is shown in Table 4.2.

w(ty) | =954 x 10° —1.14x 103 535 x 10°°
r(to) | 3.00x103 153x10 ! 383x10°

Table 4.2: Attitude and Rate Corresponding to Principal Axis

A TEA is a special attitude for which the right-hand side of the differential equa-
tions (4.5) are all zero when no control is exerted in the vehicle. Finding and reaching
a TEA reduces to a final time boundary condition where a root-finding problem to
find w,r and h such that the right hand side of the differential equation is equal to
zero when u = 0. A TEA corresponds to attitudes that can be held indefinitely. This
is a desirable attitude because when a spacecraft is at a TEA, it does not require
attitude control devices to stay at that attitude. In other words, the final state of the
system can be maintained indefinitely with zero control effort.

Additionally, an initial value for angular momentum must be specified. This value
can change from one simulation scenario to the next, so this condition is somewhat
less strict as the PA and TEA requirements. For problems considered in this thesis,
the initial value

T
h(to) = (5000, 5000, 5000) ft-Ibs-sec

was used.
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These boundary conditions can be written compactly as

w(to) = wo,
r(to) = To,
h(ty) = ho,
and

b(w(ty),r(ty), h(ts)) =
J (1gq(ty) — w(ty)*(Jw(ty) + h(ts)))
—0, (47
srt)r(ty)" +1+r(ty) ) (wty) —wo(r))

where @y, 7o and hg are given by the above initial conditions.



69

4.3 ISS Momentum Dumping Problem with Continuous Control

From a modeling perspective, the simplest version of the space station momentum
dumping problem is posed such that the control in (4.5) is a continuous function on

the interval [to,ts]. The optimal control problem can be stated as

min ||h(ty)||2
s.t.
Jgw(t) = Tyy(r) — w(t)*(Jw(t) + h(t)) — ult), t€ [to,ts],

sr®)r)" +IT+7(t) ) (w(t) —wo(r)), te€ [toty],
u(t)

&=

—~
~

~ —~
I

aih(t) = u(t), t€ [to,ty],
1A ()] ]2 < ez, t € [to, 1],
w(to) = W,
r(to) = To,
h(to) = ho,

b(w(ty),r(ty),h(ts)) = 0,
(4.8)

where b, 0y, 79 and hg are given by (4.7). This problem is posed on the interval
[to,ts] = [0,1800] sec [38]. The initial data @y, 7y for the attitude and the angular
rate were chosen to be the principal axis from Table 4.2. The initial value for the
angular momentum was chosen to be hy = (5000, 5000, 5000)7, where ||ho||s is
close to h,q, to make a desaturation maneuver meaningful. The final time boundary
condition is defined in (4.7).

Since the control is continuous on the interval [to, 7] the Legendre Pseudospectral

method with one time interval can be applied to discretize this problem. Applying
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this direct transcription to (4.8) results in the following NLP

min ||hy]|2

s.t.
2 N X .
ty—to J]; Dﬂkwk - TQ!](Tj) - <’dj (‘]wj + h]) - u]? J= 07 . 7Na
N
tf%t()k;)DJkrk _ %(TJTJT + I + TJX)(WJ wo(r])), J = 07 7N7
N
tr—to ZDthk = U ] :Oa 7N7 (4 9)
HhJH2 < hmwm J=Y 7N7
Wo = Wo,
To = T,
ho = hOJ
b(CUN7TN, hN) = 07
where the optimization variables are wj,r;, h;, and u;, j = 0,..., N. Note that the

path inequality constraint is only enforced at the collocation points. It is assumed that
doing so will result in solutions that satisfy this constraint on the entire interval. The
optimization problem (4.9) was solved with N = 50 using DIDO version 2003a [19], a
MATLAB [37] based tool which implements the Legendre Pseudospectral collocation
method, and uses SNOPT [24] to solve the resulting nonlinear program. MATLAB
code for solving this problem can be found in Section B.1. Note that scaling factors
were used to scale each variable in the optimization problem such that the constraint
evaluations and variable magnitudes are of similar orders of magnitude. Values for
the scaling factors used to solve this problem can be found in Section B.1. The initial
guess for the NLP solver was obtained by using a constant control u(t) = (0, 0, 0)T
and integrating the differential equations (4.5) forward using ODE45 [37].

The computed optimal solutions are shown in Figures 4.3-4.8, along with simula-
tion results. The simulation results were obtained by inputting the computed optimal
control values into a simulation which implements (4.5) and uses MATLAB’s ODE45

for numerical integration.
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Figure 4.3: Simulated, Optimal and Error Angular Momentum

Magnitude for Space Station Momentum Dumping Problem
with Continuous Control, Using N=150

Figure 4.3 shows the computed optimal objective function and the simulated ob-

jective function on the interval. It is apparent that the computed results and the

simulated results are in close agreement, the CMG momentum magnitude was re-

duced from 8666 ft-1bs-sec to 0.1 ft-1bs-sec.

Figure 4.4 shows the computed optimal angular momentum values and the sim-

ulated angular momentum values on the interval. Just as for the magnitude, the

angular momentum in each axis are in close agreement.

Figure 4.5 shows the optimal control computed by the Legendre Pseudospectral

method. As one would expect, the control is very nonlinear which is due to the
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Figure 4.4: Simulated, Optimal and Error Angular Momentum for Space

Station Momentum Dumping Problem with Continuous
Control, Using N=150

nonlinear disturbances that are acting on the spacecraft. After the maneuver ended,
at 1800 seconds, the control was set to zero to verify that a TEA was reached.
Figure 4.6 depicts the optimal attitude trajectory in Euler angles. The conversion
from Euler-Rodrigues parameters to Euler angles can be found in [32]. As shown in
[38] the optimal attitude trajectory for a desaturation maneuver resembles a sinusoid
in the roll axis and the attitude trajectories for the pitch and yaw axes are fairly flat.
The corresponding angular rate trajectories are shown in Figure 4.7. As indicated,
after 1800 seconds the attitude and rate trajectories are constant. This verifies that

a TEA was reached because no control was used to hold this attitude.
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Figure 4.5: Computed Optimal Control, Extended by Zero for ¢ > 1800,
for the Space Station Momentum Dumping Problem with
Continuous Control, Using N=150.

Figure 4.8 depicts the external torques that are acting on the spacecraft. As
mentioned earlier, the nonlinearity in these torques account for the nonlinearity in
the optimal control. As further proof that a TEA was reached, after the maneuver
was completed these torques are either zero or counteract each other. This means
that the right hand side of (4.1a) is zero. Figure 4.8 shows that the gravity gradient
torque and the Euler torque combined were zero.

The optimal solution described in this section is meaningful in the sense that
it solves the problem of interest. However this solution may not be directly imple-
mentable aboard the space station because computational storage limits and pro-
cessing speed make it difficult to command a continuous control such as Figure 4.5.
Obtaining implementable results requires that the optimal control problem be solved

using piecewise constant controls.
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4.4 ISS Momentum Dumping Problem with Piecewise Constant

Control

In contrast to Section 4.3, this version of the space station momentum dumping
problem is posed such that the control in (4.5) is a piecewise constant function on the
interval [to,ts]. This is done because it is typical for the station to perform a series
of constant attitude holds [39], which amount to having a piecewise constant control.

Again the optimal control problem is be stated as

min bt
s.t.
Jgw(t) = Te(r) — w(t)*(Jw(t) + h(t)) — u(t), € [to,ty],
() = 3(rOr®)" + 1 +rE)) (w(t) —wo(r)), tE€ [to.ty],
ah() = u(t), tE€ [to,ts],
1A ()] < hinazs  tE [to, Ly,
w(to) = Wo,
r(to) = To;
h(to) = ha,

b(w(ty),r(ts), hity)) = 0,
(4.10)

where b, @y, 7o and hg are given by (4.7). Initial and final conditions for the angular
rate and the attitude as well as the initial value for the angular momentum are
identical to those in Section 4.3,

Since the control is piecewise constant on the each subinterval the Legendre
Pseudospectral method with multiple subintervals of time must be applied to dis-
cretize this problem. This problem is posed on I = 5 subintervals due to the compu-
tational storage restrictions of onboard computers. The intervals are written as [to, 1],

[t1,ts], [ta, t3], [ts, ta], and [t4, t5], with to = 0,¢5 = 1800. Applying the pseudospectral
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direct transcription to (4.8) results in the NLP

min Hh4NH2

s.t.
, N
r— J};)Djkwik = Tee(rij) — wis(Jwij + hij) — w,
7=0,....,N,i=0,....,4,
y & 1
SO = A L) o)
j:
7=0,....,N,i=0,...,4,
mi:ﬂD]khzk = U, jZO,...,N7’L:O,...74,
]:
(4.11)

||th||2 S hma;w j:Oa"wNai:Ow'lea

Wi—1,N =  Wjo, izl,...,4,

hifl’]\[ — hi07 ’1,: 1,...,4,

ri-1,N = Ti0, 1= 17"'747

wo,0 = Wo

70,0 = 79

hoo = ho

b(w4,N; T4 N, h4,N) = 0,
where the optimization variables once again are wjj;, 75, hi; and u;, j = 0,..., N,
i =0,...,4. The problem (4.11) has four new optimization variables, t,s,t3 and

t4, because the times for which the control changes are also to be determined. As in
(4.9) the path inequality constraint is only enforced at the collocation points and it is
assumed that doing so will result in solutions that satisfy this constraint on the entire
interval. The optimization problem (4.11) was solved with N = 30 on each subinterval
using DIDO version 2003a which relies on SNOPT to solve the resulting nonlinear
program. MATLAB code for solving this problem can be found in Section B.2. Note
that scaling factors were used to scale each variable in the optimization problem

such that the constraint evaluations and variable magnitudes are of similar orders of
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magnitude. Values for the scaling factors used to solve this problem can be found in

Section B.2.
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Figure 4.9: Simulated, Optimal and Error Angular Momentum for
Space Station Momentum Dumping Problem with Piecewise
Constant Control, Using N=30 on Five Subintervals

Figure 4.9 shows the computed optimal objective function and the simulated ob-
jective function on the interval. As indicated the computed results and the simulated
results are in close agreement, despite the discontinuous control. The momentum
magnitude was reduced by almost 6000 ft-lbs-sec, from 8666 ft-lbs-sec to 556 ft-1bs-
sec. For this problem the objective function value is larger than the one computed in

Section 4.3. Of course this is to be expected because the control is restricted to be

from a smaller space of functions.
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Figure 4.10: Simulated, Optimal and FError Angular Momentum for
Space Station Momentum Dumping Problem with Piecewise
Constant Control, Using N=30 on Five Subintervals

Figure 4.10 shows the computed optimal angular momentum values and the sim-
ulated angular momentum values on the interval. Just as for the magnitude, the
angular momentum in each axis are in close agreement. Figure 4.11 shows the opti-
mal control computed by the Legendre Pseudospectral method.

Figure 4.12 depicts the optimal attitude trajectory in Euler angles. The attitude
trajectory is similar to the one in Section 4.3 but for kinks at the control transitions
and the terminal values. As with previous results, the roll trajectory resembles a
sinusoid while the pitch and yaw trajectories are fairly flat. The corresponding an-

gular rate trajectories are shown in Figure 4.13. Due to the kinks in the attitude at
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Figure 4.11: Computed Piecewise Constant Optimal Control, Extended
by Zero for t > 1800, for Space Station Momentum Dumping
Problem, Using N=30 on Five Subintervals.

the control transition points, the rate is nearly discontinuous at the points. Again,
after 1800 seconds, the control was set to zero and the attitude and rate trajectories
remained constant. This verifies that a TEA was reached because no control was used
to hold this attitude.

Figure 4.14 depicts the external torques that are acting on the spacecraft. As
further proof that a TEA was reached, after the maneuver was completed these
torques are either zero or counteract each other. Figure 4.14 shows that the combined

external torque goes to zero.
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4.4.1 Constraint on the Control Magnitude

Some control systems have a limit on the amount of torque that the attitude controller
can generate at any given time. These limits manifest themselves in the form of a
path inequality constraint on the control. Since the problem considered in Section 4.4
uses piecewise constant controls on each subinterval, constraining the control can be

accomplished by simple bounds on the control on each subinterval. The constraint
||uz||2 Sumamy ZZl,,E) (412)

was added to the NLP (4.11) to produce the results shown in Figures 4.15 through
4.20 for upe, = 200 ft-lbs. MATLAB code for solving this problem can be found in
Section B.2. Again, note that scaling factors were used to scale each variable in the
optimization problem such that the constraint evaluations and variable magnitudes
are of similar orders of magnitude. Values for the scaling factors used to solve this

problem can be found in Section B.1.
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4.5 ISS Momentum Dumping Problem with Control Law

This problem is a variation of the one described in Section 4.3 but with a control law
introduced into the dynamics. Using a control law rather than a torque command,
as done in Sections 4.3-4.4, allows the ISS to be controlled by an attitude command.
Typically this control law is used to drive the spacecraft to some desired attitude by
inputting an attitude command into the controller. This is an important variation
to the momentum dumping problem because the ISS actually controls its attitude
through this type of control law. Therefore, obtaining an optimal attitude command,
as opposed to an optimal torque control, has more practical value. The control
law used here is a proportional derivative control law which is described in [51].
This control law is formulated in terms of quaternions. The relationship between
quaternions and Euler-Rodriguez parameters, which are used here, can be found in
(32].

The state variables are the angular rate w, the attitude r and the CMG angular
momentum h. The control variable here is r; instead of v due to the fact that the
control for this problem is actually the desired attitude not the time derivative of

momentum as in Section 4.3.

min [[A(tf)|]2
s.t.
Jgw(t) = Ty(r) —w(t)*(Jw(t) + h(t)) — Fh(t), t € [to,ty],
() = Sr@r)" +1+7rE))(w(t) —wo(r)), tE€ [to,ts],
h(t) = k1 JWerr(w,7q) + ko Jr e (r,74), t € [to, ],
A (E)|]2 < hiazs T E [to, Tyl
w(to) = Wo,
r(to) = To,
h(to) = ho,

b(w(ty),r(tr), h(ty)) = 0,
(4.13)



where 74 : R — R3 is the attitude command and

c =

Cy =

CQ ==

Terr

and

Wo -

I 2 (% — 1),
¢ (0.0.1)".

C (0,1,0)T,

03 (JCs),

2 X X X
I+ 1+7~gm(rd g — 7ad)a

T
R (0,0, 1) ,
w + worbR%

CRT,

2(1+ D1y + Dayg + Dy) 712

_WorbCQ .

D23 - D32
D31 - D13
D12 - D21
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(4.14)

In (4.14), Ry is the second column of the rotation matrix associated with the attitude

control 4. Again, b, 0y, 7o and hg are given by (4.7). The gains for the CMG controller

k1 and ko are given as

ki = 0.0632,
ky = 0.002.

The control law described here forces the spacecraft to go to the desired attitude

with a fixed angular rate. This is a restrictive model because real systems tend to
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reach the required rate only at the end of the maneuver. However, this control law is
consistent with the one used in [38] to control the same system.

MATLAB code for solving this problem can be found in Section B.3. Note that
scaling factors were used to scale each variable in the optimization problem such that
the constraint evaluations and variable magnitudes are of similar orders of magnitude.
Values for the scaling factors used to solve this problem can be found in Section B.3.

Results for this problem for N = 150 are shown in Figures 4.21 through 4.27.
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Figure 4.21: Simulated, Optimal and FError Angular Momentum
Magnitude for Space Station Momentum Dumping Problem
with Control Law, Using N=150
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The results presented in this chapter represent a solution which is accurate in the
sense that it has been verified through simulation, and practical in the sense that
piecewise constant controls are implementable aboard the space station. This chap-
ter demonstrated the utility of the Legendre Pseudospectral method for solving an
optimal control problem. Due to the accuracy properties of this method, this problem
was solved using few collocation points. The pseudospectral collocation method was
also versatile enough to account for time dependent and piecewise constant control
problems with little modification to the direct transcription of the optimal control

problem.
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Chapter 5

Conclusions and Future Work

In this thesis pseudospectral collocation methods for the direct transcription of op-
timal control problems were presented. It was shown that these methods exhibit
properties which make it possible to relate the discretized NLP to the infinite di-
mensional OCP. This was done by constructing a new adjoint mapping that relates
the Lagrange multipliers in the discretized optimal control problem to the adjoint
variables corresponding to the infinite dimensional optimal control problem.

Through this adjoint estimation procedure, error estimates between the computed
solution and the true solution to the optimal control problem were derived for linear-
quadratic optimal control problems. It was shown that the conditioning of the opti-
mality system matrix plays an important role in obtaining accurate solutions.

These methods were applied to the International Space Station momentum dump-
ing problem to demonstrate their utility for difficult problems. The solutions obtained
here are of great practical value as they may be directly implementable aboard oper-
ational spacecraft.

One suggestion for future work is to compute error estimates for the optimal con-
trol for nonlinear optimal control problems. This would be an significant result in the
sense that many important applications are using pseudospectral collocation meth-
ods to solve optimal control problems. Such error estimate would give the scientists,
engineers and mathematicians who use these methods more confidence in computed
solutions.

Another suggestion for future work would be to develop a more robust optimal

control solver that implements pseudospectral methods. Current packages either do
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not give the user sufficient insight into the nonlinear programming solver, do not
allow the user to supply analytical derivatives or do not allow the user to choose
which pseudospectral collocation method is used.

A final suggestion would be to use pseudospectral methods, or another direct tran-
scription method for that matter, to solve extensions of the ISS momentum dumping
problem, as solutions to this problem can be quite useful in the aerospace industry.
Extensions to the ISS momentum dumping problem include solving for a discrete
(piece-wise constant) attitude command control that will remove built-up momen-
tum, solving for an optimal control that is robust to unmodeled dynamics or changes

in the boundary conditions, and attitude maneuvers during payload operations.
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Appendix A

DIDO: A Tool for Direct and InDirect
Optimization

DIDO [19] is a MATLAB [37] based tool which implements the Legendre Pseudospectral
method described in Section 3. The resulting nonlinear programming problem is
solved using SNOPT [24] which is interfaced through MATLAB via an optimization
tool called TOMLAB [31]. TOMLAB implements various optimization solvers, one
of which is SNOPT, using MEX-files which call supporting Fortran routines. DIDO
discretizes the infinite dimensional optimal control problem and sends the resulting
NLP into TOMLAB to obtain solutions.
DIDO is set up to solve optimal control problems of the following form
ty
min E(y(t0). (1), to,t1) + | F(u(0),utt), (A1)

subject to the dynamic constraints

d
() = Fy(),u() ), (A.1b)
the event constraints
€ S €(y(t0)a y<tf)7 th tf) S Cu, (AlC)

the path inequality constraints
B < h(y(t), u(t), £) < hu, (A1)

and the state and control bounds

IN
=
IN

Yi Yu,

(A.le)

Uup Uqy -

IN
£
=
IN
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In (A.1) we have used the notation applied in [19], which is slightly different from
the one used in previous chapters. To use this tool, one must define at least two, up
to four, auxiliary functions. An M-file which defines the objective function (A.la).
This file must, given state, control and time values, return the end-time cost function
value E and the integral cost function value F' at each collocation point. In addition,
an M-file which defines the dynamics function must be defined. This file must, given
state, control, time and state time derivative values, return the difference between the
approximated state time derivative %yN and the right hand side function f at each
collocation point. The optional event function can be defined, which, given state and
time initial and final values, return the value of the event function e. The optional
path inequality function can be defined, which, given state, control and time values,
return the value of the path function h. Bounds on each function, the states and the
controls are passed directly to the DIDO function call. Examples of each function
can be found in Section B.

DIDO is a relatively easy tool to use because the setup time involved in solving
a given optimal control problem can be small as compared to most alternatives. The
coding that is required of a user is minimal in the sense that only a few, possibly
small, M-files need to be programmed. Additionally, the user interface, or DIDO
function call, is very straight forward and resembles that of any standard MATLAB
function call.

Despite these nice characteristics, there are some unattractive aspects to DIDO.
The first is that, as the reader may have noticed, none of the user supplied functions
output derivative information. Not only do they not require derivative information,
the tool is not set up to allow the use of user supplied derivatives. Instead, finite
difference derivatives are computed within SNOPT. This has several consequences.
First and foremost, it is well known that the performance of an optimization algo-
rithm can be severely slowed down when finite difference derivatives are used. As a

consequence, solving relatively small problems can be very time consuming ordeal,
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even when exact derivatives may be easy to compute. Secondly, the accuracy of
solutions are impacted because the quality of derivative approximations are limited
by the error in function values. In our context, error in function values are related
to machine precision €. For example, the error in derivative approximations, when
forward finite differences are used, is on the order of /e [28]. Therefore, solutions
that are obtained by using DIDO may be less accurate than expected, especially if
high order pseudospectral collocation discretizations are used.

Another disadvantage is that DIDO does not give the user the opportunity to
control the NLP solver. Stopping tolerances, iteration limits and the like are all
set within DIDO. As a consequence, accuracy expected from high order Legendre
Pseudospectral collocation methods may be polluted by coarse optimization stopping
tolerances. The user, while free to select the degree IV of the Legendre Pseudospectral
has no opportunity to adjust the accuracy of the NLP solve to match the expected

discretization error.



113

Appendix B

MATLAB Code for the Solution of the ISS
Momentum Dumping Problem Using DIDO

This Appendix contains the MATLAB code that may be used to produce the results

for the ISS momentum dumping problem as solved by DIDO in Section 4.

B.1 ISS Momentum Dumping Problem with Continuous Control

The main file which calls DIDO is shown below.

% issMain

% solve the ISS momentum dumping problem for
% continuous control

% min | [h(t£) ||

hs.t.

h Ju = Tgg(r) - w x (Juth) - u

% h’ =u

h r’ =0.5*x (rr’ + I + skew(r))w - w(r))

% |lh]|] <= 10000

% _________________________

global ws hs rs us w_orb J iJ

% Scaling factors
ws = le-3;
hs = 1e3;
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rs 1e0;

1e0;

us

% Orbital rate
w_orb = 0.06511*(pi/180);

% Inertia matrix

J = [2.807019116160000e+007 4.822509936000001e+005 -1.716750944480000e+007
4.822509936000001e+005 9.514463934400001e+007 6.026044480000001e+004
-1.716750944480000e+007 6.026044480000001e+004 7.659440133600001e+007];

% Inertia matrix inverse

iJ = [4.128859554604031e-008 -2.151370870617538e-010 9.254401181964391e-009
-2.151370870617538e-010 1.051143985685158e-008 -5.648966425550106e-011
9.254401181964391e-009 -5.648966425550106e-011 1.513006699674998e-008] ;

iss.cost = ’issCost’;
iss.dynamics = ’issDynamics’;
iss.path = ’issPath’;
iss.events = ’issEvents’;

tf = 1800;

w0 = [-9.5380685844896e-006 -1.1363312657036e-003 5.3472801108427e-006] /ws;
wlb = infx[-1 -1 -1]/ws;

wub = inf*[1 1 1]/ws;

wf = w0;

hO = [5e3 5e3 5e3]/hs;

hlb = [-1e4 -1ed -1e4d]/hs;

hub = [1e4 1le4 le4]/hs;

r0 = [2.9963689649816e-003 1.5334477761054e-001 3.8359805613992e-003] /rs;
rlb = inf*[-1e10 -1el10 -1e10]/rs;

rub = inf*[1el10 1e10 1el10]/rs;

rf = r0;

knots.locations = [t0 tf];



knots.definitions = {’hard’, ’hard’};

knots.bounds.lower = [t0 tf];
knots.bounds.upper = [t0 tf];
knots.numNodes = [150];
2 —
% Set variable bounds
A —
bounds.lower.states(:,1) = [wO hO r0]’;
bounds.upper.states(:,1) = [wO hO r0]’;
bounds.lower.states(:,2) = [wlb hlb rlb]’;
bounds.upper.states(:,2) = [wub hub rub]’;
bounds.lower.states(:,3) = [wlb hlb rlb]’;
bounds.upper.states(:,3) = [wub hub rub]’;
bounds.lower.controls = -inf * [1 1 1]’;
bounds.upper.controls = inf * [1 1 1]°’;
A —
% Set constraint bounds
N —
bounds.lower.path = [0]’;
bounds.upper.path = [1e8 / hs"2]’;

bounds.lower.
bounds . upper.

[cost, primal,dual] = dido(iss, knots, bounds, guess);

events
events

0 [111111];
O [111111];
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The main file sets the dynamics function, the events function, and the path func-

tion for the DIDO tool. It also defines global variables, sets bounds on variables

and function right-hand sides, and loads an initial guess from a data file. Note that

weighting parameters were used to rescale each variable to be on the same order of

magnitude. This procedure is discussed in [7, 19].
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The function which implements the differential equation is shown below.

function [R] = issDynamics(primal)
T
% ISS momentum control dynamics

b

%h Jw = Tgg(r) - w x (Ju+th) - u
% h’> =u
% r =0.5x% (rr’ + I + skew(r))(w - w(r))

% global variables
global ws hs rs us w_orb J iJ

% initialize variables

w = primal.states(1:3,:) * ws;
h = primal.states(4:6,:) * hs;
r = primal.states(7:9,:) * rs;
u = primal.controls * us;
N = length(w(1,:));
R = zeros(9,N);
for i = 1:N
% compute auxiliary values
C = eye(3) + 2/(1+r(:,i) *r(:,i))*x(skew(r(:,1i))*...
skew(r(:,i)) - skew(r(:,1)));
c2 =0C(:,2);
c3 =C(:,3);
wp = -w_orb * C2;
Tgg = 3*w_orb~2*(cross(C3, (J*C3)));

% compute differential constraint
R(:,i) = primal.statedots(:,i) - [ 1J*(Tgg - ...
cross(w(:,i),J*xw(:,i)+h(:,1i)) - u(:,i))/ws;
(u(:,1i))/hs;
(0.5%(r(:,i)*r(:,i)’ + eye(3) + skew(r(:,1)))*(w(:,i)-wp))/rs];
end

As discussed in [19] it is more computationally efficient to vectorize all functions.
In order to do this, the above dynamics function must be expanded out component-

wise. For the sake of brevity, this exercise is left out of this thesis.
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The function which enforces the final time constraint is shown below.

function [E] = issEvents(primal)

b

% this function enforces that a TEA is reached

% at the final time by requireing that the ODE

% is zero at the final time when the control is zero

T

% global variables
global ws hs rs us w_orb J iJ

% initialize variables

w = primal.states(1:3,end) * ws;
h = primal.states(4:6,end) * hs;
r primal.states(7:9,end) * rs;

% compute auxiliary values

C = eye(3) + 2/(1+r’*r)*(skew(r)*skew(r) - skew(r));
c2 = C(:,2);

C3 =20C(:,3);

wp = -w_orb x C2;

Tgg = 3*w_orb~2*(cross(C3, (J*C3)));

% compute differential constraint
E = [ iJx(Tgg - cross(w,J*w+h))/us;
(0.5%(r*r’ + eye(3) + skew(r))*(w-wp))/rs];

The above function sets the constraint that a toque equilibrium attitude must be
reached at the final time. As described in Section 4.2, this is equivalent to forcing
the right-hand side of the differential equation to zero.

The function that implements the path inequality constraint is shown below.

function [P] = issPath(primal)

b

% this function enforces the path inequality constraint
% that ||h|| is less than or equal to 10000 at each time
b
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% global variables
global ws hs rs us w_orb J iJ

% 2-norm-squared of h at each time
P = [(primal.states(4,:)*hs)."2 + (primal.states(5,:)*hs)."2 +...
(primal.states(6,:)*hs)."2] / hs"2;

The above function enforces the path inequality constraint on the norm of the
angular momentum.
The function that implements the final time cost function on the norm of the

angular momentum is shown below.

function [M, I] = issCost(primal)

b

% this function is the final time objective function
% on the 2-norm of h (squared)

b

% global variables
global ws hs rs us w_orb J iJ

% final time function
M = hs"2 * primal.states(4:6,end)’*primal.states(4:6,end);

% no integral function
I = zeros(size( primal.states(1,:) ) );

B.2 ISS Momentum Dumping Problem with Piecewise Constant

Control

The main file which calls DIDO is shown below.
A

% issMain

T
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% solve the ISS momentum dumping problem for
%» pw constant control

b

% min | |h(tf) ||

b

hos.t.

h Ju = Tgg(r) - w x (Juth) - u
% h’ =nu

% 2 =0.5% (rr’ + I + skew(zr))(w - w(r))
% |lhl| <= 10000
yA

% _________________________

% Set control bound

% 0 = no

% 1 = yes
S —
bounded_control = 0;
e —
% Set global variables
S —

global ws hs rs us N1 N2 N3 N4 N5 J iJ w_orb

% N on each subinterval

N1 = 30;
N2 = 30;
N3 = 30;
N4 = 30;
N5 = 30;

% Scaling factors

ws = le-2;
hs = 1e3;
rs = le-2;
us = 1e0;

% Orbital rate
w_orb = 0.06511*(pi/180);

% Inertia matrix

J = [2.807019116160000e+007 4.822509936000001e+005 —-1.716750944480000e+007
4.822509936000001e+005 9.514463934400001e+007 6.026044480000001e+004
-1.716750944480000e+007 6.026044480000001e+004 7.659440133600001e+007];
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% Inertia matrix inverse
iJ = [4.128859554604031e-008 -2.151370870617538e-010 9.254401181964391e-009

-2.151370870617538e-010 1.051143985685158e-008 -5.648966425550106e-011

9.254401181964391e-009 -5.648966425550106e-011 1.513006699674998e-008] ;

A —
% Set input functions

A —

iss.cost = ’issCost’;

iss.dynamics = ’issDynamics’;

iss.path = ’issPath’;

iss.events = ’issEvents’;

S —

% Set variable parameters
S —

t0 = 0;

tf = 1800;

w0 = [-9.5380685844896e-006 -1.1363312657036e-003 5.3472801108427e-006] /ws;
wlb = [-1 -1 -1]/ws;

wub = [1 1 1]/ws;

wf = w0;

hO = [5e3 5e3 5e3]/hs;

hlb = [-1e4 -1ed -1e4d]/hs;

hub = [le4 1ed4 1e4]/hs;

r0 = [2.9963689649816e-003 1.5334477761054e-001 3.8359805613992e-003] /rs;
rlb = [-1e10 -1el1l0 -1e10]/rs;

rub = [1e10 1el0 1e10]/rs;

rf = r0;

S ——

% Set time bounds

S —

small = 100*eps;

knots.locations = [t0 360 720 1080 1440 tf];

knots.definitions = {’hard’, ’soft’, ’soft’, ’soft’,’soft’,’hard’};
knots.bounds.lower = [t0 tO+small 540 1000+small 1400 tf];
knots.bounds.upper = [tO 540-small 1000 1400-small tf-small tf];
knots.numNodes = [N1 N2 N3 N4 N5];
S —

% Set variable bounds

bounds.lower.states(:,1) = [wO hO r0]’;
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bounds.upper.states(:,1) = [wO hO r0]’;

bounds.lower.states(:,2) = [wlb hlb rlb]’;
bounds.upper.states(:,2) = [wub hub rub]’;
bounds.lower.states(:,3) = [wlb hlb rlb]’;
bounds.upper.states(:,3) = [wub hub rub]’;

% note: parameters act as controls here,

/» but the must be a control variable

% "placeholder" which is not iterated upon

if bounded_control ==
bounds.lower.parameters
bounds.upper.parameters

elseif bounded_control ==
bounds.lower.parameters
bounds.upper.parameters

-1e10 * ones(5%3,1);
1e10 * ones(5%3,1);

-200 * ones(5%3,1);
200 * ones(5%*3,1);

end

bounds.lower.controls = 0;
bounds.upper.controls = 0;
R
% Set constraint bounds
S —
bounds.lower.path = [0]’;
bounds.upper.path = [1e2]’;

bounds.lower.events = 0 * [1 1 11 1 1]°;
bounds.upper.events = 0 * [1 1 11 1 1]’;

[cost, primal,dual] = dido(iss, knots, bounds, guess);

This main file does the same things as the one shown in Section B.1 except for
two main things. The first is that the time interval is broken up into five subintervals

so that a constant control can be used on each subinterval. This leads to the second



122

difference. In terms of the DIDO tool, the control in this setting is not used and
the variable acting as the control is viewed as a parameter. DIDO must evaluate the
control at every collocation point and it forces these variable to be variable in the
optimization, eventhough the user may want the value to remain constant over each
subinterval. The use of parameters alleviates this problem. Accomplishing the bound
on the control can be accomplished by changing the parameter bound in the main
driver file.

The function which implements the differential equation is shown below.

function [R] = issDynamics(primal)

h

% ISS momentum control dynamics

b

h Jw = Tgg(r) - w x (Jwth) - u

% h’ =u

h r’=0.5% (rr’ + I + skew(r))(w - w(r))

% global variables
global ws hs rs us N1 N2 N3 N4 N5 J iJ w_orb

% initialize variables

w = primal.states(1:3,:) * ws;

h = primal.states(4:6,:) * hs;

r = primal.states(7:9,:) * rs;

u = reshape(primal.parameters,3,5) * us;

u = [kron(u(:,1),ones(1,N1)) kron(u(:,2),ones(1,N2))

kron(u(:,3),ones(1,N3)) kron(u(:,4),ones(1,N4))
kron(u(:,5),ones(1,N5))];

N = length(w(1,:));
R = zeros(9,N);
for 1 = 1:N

% compute auxiliary values

C = eye(3) + 2/(1+r(:,i) > *r(:,i))*...
(skew(r(:,i))*skew(r(:,1)) - skew(xr(:,1)));

c2 =C(:,2);

C3 = C(:,3);

wp = -w_orb * C2;

Tgg 3*w_orb~2* (cross(C3, (J*C3)));
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% compute differential constraint
R(:,i) = primal.statedots(:,i) - [ iJx(Tgg - ...
cross(w(:,1),J*xw(:,1)+h(:,1)) - u(:,i))/ws;
(u(:,1))/hs;
(0.5*%(r(:,i)*r(:,1)’ + eye(3) + skew(r(:,i)))*x(w(:,i)-wp))/rs];
end

The events function, the path function and the cost function for this problem are

the same as the ones stated in Section B.1.

B.3 ISS Momentum Dumping Problem with Control Law

The main file which calls DIDO is shown below.
yA

% issMain

b

% solve the ISS momentum dumping problem for
% control law

b

% min | |h(tf) ||

b

hs.t.

b Jw = Tgg(r) - w x (Jwth) - u
% h’ = kilxJxw_e + k2xJ*r_e

% r =0.5x% (rr’ + I + skew(r))(w - w(r))
% |lhl| <= 10000

O
% Set global variables

.
global ws hs rs us k1 k2 J iJ w_orb

% Scaling factors

ws = le-2;
hs = 1le3;
rs = le-1;
us = le-1;

% Orbital rate
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w_orb = 0.06511%(pi/180);

% Inertia matrix

J = [2.807019116160000e+007 4.822509936000001e+005 -1.716750944480000e+007
4.,822509936000001e+005 9.514463934400001e+007 6.026044480000001e+004
-1.716750944480000e+007 6.026044480000001e+004 7.659440133600001e+007] ;

% Inertia matrix inverse

iJ = [4.128859554604031e-008 -2.151370870617538e-010 9.254401181964391e-009
-2.151370870617538e-010 1.051143985685158e-008 -5.648966425550106e-011
9.254401181964391e-009 -5.648966425550106e-011 1.513006699674998e-008] ;

% Controller gains
ki = 0.0632;
k2 0.002;

iss.cost = ’issCost’;
iss.dynamics = ’issDynamics’;
iss.path = ’issPath’;
iss.events = ’issEvents’;

tf = 1800;

w0 = [-9.5380685844896e-006 -1.1363312657036e-003 5.3472801108427e-006] /ws;
wlb = [-1 -1 -1]/ws;

wub = [1 1 1]/ws;

wf = w0;

hO = [5e3 5e3 5e3]/hs;

hlb = [-1e4 -1ed -1e4d]/hs;

hub = [1e4 1le4 le4]/hs;

r0 = [2.9963689649816e-003 1.5334477761054e-001 3.8359805613992e-003] /rs;
rlb = [-1e10 -1el1l0 -1e10]/rs;

rub = [1e10 1e10 1e10]/rs;

rf = r0;

knots.locations = [t0 tf];



knots.definitions = {’hard’, ’hard’};

knots.bounds.lower = [t0 tf];
knots.bounds.upper = [t0 tf];
knots.numNodes = [150];
2 —
% Set variable bounds
A —
bounds.lower.states(:,1) = [wO hO r0]’;
bounds.upper.states(:,1) = [wO hO r0]’;
bounds.lower.states(:,2) = [wlb hlb rlb]’;
bounds.upper.states(:,2) = [wub hub rub]’;
bounds.lower.states(:,3) = [wlb hlb rlb]’;
bounds.upper.states(:,3) = [wub hub rub]’;
bounds.lower.controls = -inf * [1 1 1]’;
bounds.upper.controls = inf * [1 1 1]°’;
A —
% Set constraint bounds
N —
bounds.lower.path = [0]’;
bounds.upper.path = [1e2]’;

bounds.lower.
bounds . upper.

[cost, primal,dual] = dido(iss, knots, bounds, guess);

events
events

0 [111111];
O [111111];
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The above main file is similar to the one in Section B.1 because the control in this

case is a continuous variable. The main distinction between this problem set-up and

previous ones shows up in the differential equation. The function which implements

the differential equation is shown below.
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function [R] = issDynamics(primal)
T
% ISS momentum control dynamics

T

%h Jw = Tgg(r) - w x (Ju+h) - u
% h’ = kilxJ*w_e + k2*J*r_e
% r =0.5x* (rr’ + I+ skew(r))(w - w(r))

% global variables
global ws hs rs us k1 k2 J iJ w_orb

% initialize variables

w = primal.states(1:3,:) * ws;
h = primal.states(4:6,:) * hs;
r = primal.states(7:9,:) * rs;
u = primal.controls * us;
N = length(w(1,:));
R = zeros(9,N);
for i = 1:N
% compute auxiliary values
C = eye(3) + 2/(1+r(:,i) > *r(:,i))*...
(skew(r(:,i))*skew(r(:,1)) - skew(xr(:,1)));
c2 =C(:,2);
c3 = C(:,3);
wp = -w_orb * C2;
Tgg = 3*w_orb~2*(cross(C3, (J*C3)));
U = eye(3) + 2/(1+u(:,i)’*u(:,i))*. ..
(skew(u(:,i))*skew(u(:,1)) - skew(u(:,1i)));
Ct =C *x U’;
wt = w(:,i) + w_orb * U(:,2);
pt = 0.5 ¥ [Ct(2,3)-Ct(3,2);Ct(3,1)-Ct(1,3);Ct(1,2)-Ct(2,1)] /...

sqrt (1+Ct (1,1)+Ct(2,2)+Ct(3,3));

% compute differential constraint
R(:,i) = primal.statedots(:,i) - [ iJ*(Tgg - ...
cross(w(:,i),J*w(:,1)+h(:,1)) - u(:,i))/ws;
(k1*xJ*wt + k2xJ*pt)/hs;
(0.5%(r(:,i)*r(:,1)’> + eye(3) + skew(r(:,i)))*(w(:,i)-wp))/rs];
end



